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CHAPTER I INTRODUCTION

1.1 STIFF EQUATIONS

Systems of ordinary differential equatfons_whiéh arise in the
description of physica] problems often have greatly differing time con-
stants and are very stable (Bjurel et al., 1970). They are known as stiff

equations. A model stiff equation is given by

y'(t) = Av(t)  yltg) = n

where yeR™, A is an mxm real matrix with all ité eigenvalues Aphyseesshy
lying in the open left half complex plane, and the ratio
[Re 2|

max
i,j |Re Ajl

is large. All solutions y(t) = exp[(t-tO)A]n approach zero as t increases,
hence the system is asymptotically stable about y = 0. The component of
y(t) corresponding to an eigenvalue Aj whose real part is large in magnitu-
de will soon become negligible relative to the dominant component, i.e.,
the one corresponding to the eigenvalue whose real part is the smallest in
magnitude, which could still be large enough to be of interest. For exam-

ple, we consider the following equation when m = 2:
—.Y"l (t)_] _ [ -1 'A']—l .V](t) R4 (to) ™
o) | [ lnm ] vt | |
where A << 0. The true solution is
.y'l (t) = C‘Ie + c2e C] = (n'l + nz)/z

.YZ(t) = C]e = cze cz = (n] - nz)/z




The .component exp(it) is negligible after t > 1, and thus we would 1like to
be able to use a larger stepsize'h from that time on when integrating the
system numerically, since we need only follow the dominant component
exp(-t). However, numerical stability of methods which are npt specifical-
1y designed for stiff equations, such as fhe one-step Euler's method, re-
quires that the value, for the m-diﬁensiona] case,

max |hi;]
1<j<m

remain small throughout the range of integration, forcing tthstepsize h to
be unnecessarily small (Lambert, 1973, pp.229-231).

It would then obviously be desirabie to have methods which do not
require Ihle to be small except for accuracy. Such relaxation of the sta-
bility requirement is the essential property of methods for stiff problems.

In general, we are concerned with solving initial value problems
involving systems of first order ordinary differential equations (ODE) of

the form

y'(t) = f(t,y(t)) y(tg) =n telty,T] (1.1)

where f is continuous in t and satisfies a Lipschitz condition

If(t,y]) - f(to)’z)l < Lly] - .Yz[.'

for some positive constant L in the region toqi t<T, |yl <=, so that a
unique solution y(t) exists and is in C][tO,T] (Coddington and Levinson,
1955, p.10). We further assume that f has continuous partial derivatives
with respect to y and that the solution y has as many continuous deriva-

tives as is necessary.



1.2 PROPERTIES OF NUMERICAL METHODS FOR STIFF SYSTEMS

Most numerical methods for integrating the initial value problem
(1.1) approximate the true solution y(t) at a sequence of mesh points to <
t] < eee < tN = T. We denote the numerical approximation to y(tn) by Yy 0
< n < N. The difference bgtween successi?e mesh points, trl - tn_],vis cal-
led a stepsize, which is not necessarily the same for different steps.
However, for ease in ana]yéis,-we assume that the stepsize is constant
throughout the range of integration.

When using a numerical method, we are concerned with how accurate
we can make the numerical approximations to the true solution by picking
one or more parameters, for example, the stepsize. A method is said to be

convergent if for any initial value problem (1.1),

1im max ]yn - y(tn)l =0
N O<n<N

in which ty = T. Thus, when using a convergent method to integrate (1.1),
we can achieve any desired accuracy by picking a small. enough stepsize h.
Another concept concerning error propagation is also important since, in
practice, computations are hardly exact because of the finite number of di-
gits that can be carried. We loosely define a method to be stable if, for
each problem of the form (1.1), there exists a h0 > 0 such that a perturba-
tion in the equations defining Yn by a fixed amount produces a bounded
change in the numerical solution when any he(O,ho] is used as stepsize. A
more precise definition of stability is given in Stetter (1973, p.9). Both
the concepts of convergence and stability, necessary for any method to be
useful, are concerned with the Timiting process as h + 0,

In practice, we are more concerned with the effect of error accu-

mulation -- not only roundoff error as introduced earlier, but also discre-




tization error from approximating the true solution -- when some finite
stepsize h is used. We thus introduce the concept of absolute stability
for a given fixed stepsize. Since the concept is problem dependent, we de-_

fine absolute stability for the class of differential equation

v (t) = () y(tg) =n | - (1.2)
where A is a complex constant.

Definition
The region of absolute stability 4 of a method is the set of all
h)x such that when the method is applied with stepsize h > 0 to equation

(1.2), the numerical solution Yy >0asn->e,

The method is then absolutely stable for stepsize h and for the
equation (1.2) if haea. The following terminology has been used to descri-

be methods according to the extent of their region of absolute stability:

Definition (Cryer, 1973)
A method is AO-stab]e if the negative real axis {z : Imz = 0,

Re z < 0} is in 4.

Definition (Widlﬁnd, 1967) | |

A method is A(a)-stable, ae(O,n/Z),‘ff the wedge S_= {z :
|Arg(-z) | < a, z ¥r0} is in A. ‘The o angle of the Targest such wedge is
called the angle of abso]ufe‘stabi11ty:associated with the method. A
method is A(O)-gtab1e if it is A(a)-stable for some a€(0,7/2), and is
A(n/2)-stable if it is A(a)-stable for all a€(0,n/2).



Definition (Dahlquist, 1963)

A method is A-stable if its region of absolute stability contains

the open left half complex plane.

From the definition, it is obvious that A-stability is equivalent
to A(n/2)-stability. Moreover, |
A-stability = A(a)-stability = A(0)-stability = Ap-stability

Methods which are Ao-stablé shall be loosely called stiff methods.

The angle of absolute stability is on1y one of a number of
parameters which have been proposed for measuring the extent of the region
of absolute stability A (cf. Gear, 1971, p.213, Odeh and Liniger, 1971,
Gupta, 1976). But it is probably the best such measure, éspecia]]y for
methods with automatic stepsize selection. When such methods are applied
to the equation

y'(t) = Ay(t)'+>g(t) ~x complex

the integration starts out with h) near the origin, and as the integration
proceeds, the stepsize h increases and the value hx moves away from the
origin, However if hx approaches the boundary of 4, this would be detected
by the error estimator, and any further movement of hx_wou]d be prevented.
The implication of this is that not all of 4 is "used", but only that por-
tion which can bé reached from the origin by rays lying entiré]y inside 4.
The most "desirable" portion, where any h > 0 can be used, is described by
the angle of absolute stability. This parameter, a«, also serves as a good
indicator of the problem class for which the method is suitable, namely,

those problems for which the large eigenvalues of the Jacobian lie inside

- the wedge S,. Hence, in an ODE solver, o can be an extra parameter which




is used to identify among a family of methods of order k the A(a)-stable
method that should be used. The value of a can be either supplied by the
user or chosen automatically by some detecting device in the code. It
would then be desirable to have A(o)-stable methods of any order for any
oc(0,n/2]. | | ,

Since the true solution of (1.2) for any A lying in the open left
half plane converges to zefo as t > =, we would prefer methods whose region
of absolute stability contains the open left half plane, i.e., A-stable, so
that the numerical solution Yn also converges to';ero as n - « for any
stepsize h > 0. On the other hand, if A is nof in the open left half
plane, y(t) will not converge to zero, and in fact will diverge if Re a >
0. However, if h)€4, y, converges to zero and consequently invalid solu-
tions are produced (Lindberg, 1974). Hence, methods whose region of abso-
lute stability is equal to the open left hé]f plane are desirable.

We end this section with another definition:

Definition (Odeh and Liniger, 1971)
A method is A_-stable if its region of absolute stability con-

tains a neighborhood of infinity.

A.-stability is desirable especially for those problems which
have a slowly varying component and a rapidly decaying componént, so that
transient that decays to zero rabid]y in the true solution would not be
present in the numerical solution as slowly dampened oscillatory com-

ponents.

1.3 LINEAR MULTISTEP METHODS

We restrict our study to the class of linear k-step formulas




K 3

T oa.y h £ B.f(t

j:o J n+j - j=0 J n+j’\yn+j) = 0 n= 0’]”--- ‘ (].3)

where k is some fixed positive integer, o 5o B:py J = 0,1,...,k, are given

J"
constants such that

oy $ 0

Jagl + I8l %0

and h > 0 is the stepsize assuhed to be fixed throughout'the kange of in-
tegration, | |

When k > 1, the first step of integration requires numerical
values for Yos¥pseees¥y1- Since we are only given n as an initial value,
the k values have to be computed from n. A common technique is to use a
one-step method such as the Runge-Kutta method (Gear, 1971, Chapter 2) to
compute yo,y],..;,yk_]. The procedure used to compute Yos¥yseeea¥q from
n is called a starting procedure. The k-step formula (1.3) together with a
starting procedure constitutes a k-step method. The starting procedure is

said to be consistent with (1.1) if for j = 0,1,...,k-1,

'yJ ='}’j(n,h) > 1

as h > 0.
At each step of the integration, in the case when Bk t 0, i.e.,
when the formula is implicit, we have to solve a system of nonlinear equa-

tions for y For stiff equations, this is usually accomplished by some

n+k*
kind of modified Newton iteration. Results are usually satisfactory if the
stepsize h is small enough and if the initial estimate is sufficiently ac-

curate (Lambert, 1973, p.239). The initial estimate could be obtained by

- using an explicit formula.




Unless explicitly specified, the following assumptions about the
Tinear k-step formula (1.3) are made:
k

(A) = 8. =1, a normalization. ’ | (1.4)
j:O J .
(B) The formula (1.3) satisfies the root condition, i.e., all the

roots of the polynomial
p(z) = T o,z o - (1.9)

lie inside the unit circle |z| <1 and those on |z] = 1 are sim-
ple. Occasionally, we require that (1.3) satisfies the strict
root condition, i.e., é]] roots of p(z) lie inside |z| < 1 except
for a root at ¢ = 1,

(C) The order of the formula (1.3) is k, where formula (1.3) is said

to be of order pifc, =¢, = ... = Cp = 0 in the following Taylor

0 ]
_series
k : . o
% [o.y(t+jh) - hB.y'(t+jh)] =
= coy(t) + chy'(t) + ..o 4 cphpy(p)(t) +
 pHl (p+1) |
+ cp+1hf yrE) £ | (1.6)

It is said to be of exact order p if Co=Cp = «os = cp = 0 and

+ 0, in which case, we call ¢ the error constant of the

“p+1 | p+1
formula. Formulas of order at least 1 are said to be consistent.
(D) The polynomials p(z) and o(z) have no common factors, where o(t)

is as defined in (1.5) and




o) = 1 g (1.7)
j=0 J° :
Stetter (1973, pp.186-187) shows that if the polynomials p and o
of a linear multistep formula possess one or more common factors,
there exists an equivalent formuia with a smaller step number in
the sense that they generafe the same numerical solution from
given starting vaiues; |
We also assume that the starting procedure is consistent. The k-step
method is said to be consistent if both the starfing procédure and the k-
step formula are consistent. It is knbwn that a k-step method is stable if
and only if the k-step formula satisfies the root condition (Stetter,_]973,
p.208). It has also been proved that a k-step method is convergent if and
only if it is stable and consistent (Stetter, 1973, pp.13, 211-213 -- note
that some of the details are missing).

Many authors require that the formula (1.3) together with an ar-
bitrary consistent stérting procedure be convergent (e;g., Henrici, 1962,
p.218). However, Stetter (1973, p.78) indicates that, except in pathologi-
cal cases, this requirement is no stronger than ours.

It should also be remarked that the assumptiqns'about constant
sfepsize and order are just idealizations that make our analysis tractable.
In practice, both the stepsize and order will vary. Also, in practice,
formulas that satisfy the strict root condition are more desirable. We
call those formulas Strongly stable.

We denote a k-step method by (p,0) where p is as defined in (1.5)
and o in (1.7), and use the symbol L[k] to represent the class of (p,o)

which satisfy conditions (A)-(D). It is easily seen that, under assump-
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tions (A) and (C), we have

a(1) = 1

cy=o(1) =0
cy=0'(1) - o(1) =0
and, in general, for q = 2;3,.;.
1k
.q .q-1
cq= = E (3% - a7 8y)
- ql j=1

Ve remark that in order fbr‘a méthod (pyo) in L[K] to be Ag-
stable, it is necessary that (Cryer, 1973)
B T O
order < k except the trapezoidal rule ‘
Furthefmore, the region of‘absolute stabi]fty A associaféd_with a method
(p40) can be described by - -

A= etz o)l <1, d = 1,200,k

where cj(u), j= 1,2,;.;,k, are the k roots of p(C)-uG(c),~depending on the
value of u€l (Lambert, 1973, p.222).
| The stability condition requires that all the roots of a po-
lynomial 1ie inside the unit circle. Since there exiSts a reasonably sim-
pie algebraic condition for all the roots to Tie in the left half complex
plane, we wish to transform the unit circle to the left half h]ane. “ This
can be done by using the bilinear transformation
' Z+-|' R

L= — (1.8)

which maps the ieft half pTane in complex z-space 1-1 onto the unit circle

- in complex z-space. Apply the transformation (1.8) to the polynomials p(z)
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and o(z), and define the corresponding polynomials in z by

k . K z+1
r(z) = £ a.zd = (z-1)%e(—)
j=0 J z-1
k . K z+1
s(z) = © b.23 = (z-1)%(—)
' j=0 J z-1
It is easily seen that
-ak =p(1) =0
b =o(])=]

Furthermore, a method is of order k if, and only if, the following holds:

k+1
r(z) z+41 2% ¢ 1
- k+1
— - ]og = + O(Zk+2)

asS Z »
s(z) z-1 Zk+1

(obtained from the definition of order by setting y(t) = exp(t) in (1.6)).
Therefore, requiring that the method be of order k imposes k additional

linear conditions on the aj's and the bj's:

k by '
a; = 2 I — Jj=0,1,...,k-1 (1.9)
i=j+1 i-j
i-j odd

Hence, the method is uniquely parameterized by the k parameters
bd’b]""'bk-1 (bk = 1). Occasionally, we denote such‘parameferization by
(bo’b]""'bk-l)' or by the polynomial s(z), or by (r,s) in aha]ogy to
(py0).

The parameterizations (p,0) and (r,s) are related by the fol-
Towing linear transformation (Duffin, 1969):

a = Ma b= M8

' T T
where a = [ao,a],...,ak]T; b = [bO’bl""’bk] y O = [ao,a],...,ak] sy B=
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.
[BsBysesesB] » and M = [M..] is a (k+1)x(k+1) matrix whose elements are
0*"1 k iJj

given by
K E
Mo = (1DFT0) i=0,1,...,k
1
Mg = 1 - 3= 0,1,...,k
Mg T M P Mg My T Okl 5= 102,000k

with m71 = 27kn, - |

We note that the polynomial r(z) of a stable method has roots all
in the left half complex plane, with at most simple roots on the imaginary
axis, and likewise for the polynomial s(z) of an A(0)-stable method

(Widlund, 1967) -- the condition is relaxed for A.-stable methods whose

0
s(z) could have at most double roots on the imaginary axis (Cryer, 1973).
The case when all the roots of r(z) ( s(z) ) lie in the open left ha]f
plane corresponds to the method being‘strong1y stable ( A_-stable )}

The parameterization (r,s) has several advantages over (p,o).
The restriction that (r,s) be of order k imposes a simple relation on the
aj's and the bj's (cf. (1.9)). Moreover, the error constant Ci 47 Can be
expressed simply as a linear combination of the even bj's (cf. (2.3)).
Also, the Hurwitz criterion (cf. Appendix A) for polynomials with roots in
the open left half p]ane is “simpler" than the_Schur criterion (Marden,
1966, p.198) for po]ynomials having roots inside the unit circle. However,
the aj's and the bj's have no natural interpretation like the aj's and the
Bj's have, namely, parameters of the linear difference equation defining
the numerical solution y . - |

We finally remark that several versibns of the parameterization

(rys) have been used by different authors. The one described in this sec-




13

tion is used in Liniger (1975), Genin (1973), and Jeltsch (1976).
Dahlquist (1963), Widlund (1967), and Cryer (1973) use the same bilinear

transformation (1.8) but define the polynomials r(z) and s(z) differently:

z-1 k z+1

r(z) = (—) o(—)
2 z-1

z-1 K 2%

- s(z) = (—) o(—)
: 2 z-1

Henrici (1962, p.230) and Gear (1971, p.195) use a different bilinear

transformation and hence different r(z), s(z):

1+z
; = r——
1-2
1-z K 1+z
r(z) = (—) o(—)
2 1-z
1-2 K 1+z
s(z) = (—) "o(—)
2 1-z

1.4 OBJECTIVE

As pointed out in section 1.2, in order to be able to solve gen-
eral stiff systems of the form (1.1), we would very much prefer to use
methods which are A-stable, so that they would be suitable for all stiff
problems. However, Dahlquist (1963) proves that the maximum order for A-
stable linear multistep methods is on]y'Z. To allow for methods having or-
der greater than 2, we have to relax our stability requirement and consider
A(0)-stable methods. Cryer (1973) shows that there exist Aj-stable methods
~ of arbitrary order k by explicitly constructing a class of Ao-stable
methods in L[k], which are later shown by Jeltsch (1976) to be in fact

A(0)-stable. However, the error constant, which is an asymptotic measure
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of the accuracy of the method (cf. Chapter II), of Cryer's methods becomes
astronomical in magnitude when k is large, say when k = 10, Consequently,
we are compelled to find more accurate A(0)-stable methods.

Work has been done in seeking stiff methods with as high order as
possible. Widlund (1967) shows that A(a)Qstab1e methods exisf for any
a€(0,m/2) for the cases when k = 3,4. Using an interactive computer gra-
phics program, Dill and Gear (1971) find‘stiffly stable methods (definition
in Gear (1971, p.2T3) -- note that stiff stability implies A(0)-stability)
of orders 7 and 8. They only consider the class of methods most of whose
Bj's being zero. However, Skeel (1977) shows that every k-step method is a
(k+1)-value method. The same observation is mentioned in Wallace and Gupta
(1973) and is proved, for the special case when the method is of order k+1,
in Osborne (1966). Hence insisting that most of the sj's be zero would not
reduce the number of previous values needed to be stored. Jain and Srivas-

tava (1970) consider the polynomial

o(zg) = ck'r(c-c)r O<r<k, ce[-1,1)
and find stiffly stable methods of order as high as 11 for appropriate
choices of r and c¢. Gupta and Wa11ace‘(1975) parameterize a k-step method
by what they call a modifier polynomial C(x). By requiring that C(x) or
C'(x) approximates zero in some sense (e.g. interpolation, Chebyshev, least
squares), they succeed in finding stiff methods of order up to 9 with o =
71.4° (the FMPD60 formulas in Gupta (1976)).

The aim of our study is to discover some of the Timitations ogn
the accuracy of stiff methods in rL[k]. We first choose a measure of accu-

racy for our study, then we investigate the following problems concerning

‘the class of stiff methods in L[k]:
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(i) How accurate can they be ?
(ii) For a given ae(0,7/2), what is the limitation on the accuracy of
A(a)-stable methods ?
(iii) For a given constant C > 0, what is the limitation on the angle
of absolute stability for methbds having error constant of mag-
nitude C ? o
(iv) For any ae(O,n/Z), do there exfst methods which are A(a)-stable ?
If they exist, how accurate are they ? ‘
Chapter Il is devoted to a discussion 6n measures of accuracy.
The answers for the above questions for the cases when k = 1,2 are given in
Chapter III, where questions (i) and (iv) for a general k are also con-
sidered. An algorithm for solving minimax problems numerically is introdu-
ced in Chapter IV. Questions (ii) and (iii) for a general k are formulated
as a minimax problem in Chapter V and some of the numerical results are

Tisted,
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CHAPTER II MEASURE OF ACCURACY

2.1 INTRODUCTION

As stated in section 1.4, we are 1nvestﬁgatjng 1imitations on the
accuracy of stiff methods (definition in section 1.2). The results of the
investigation are meaningful only if a reasonable measure of accuracy is
used. For all practical purposes, we would éay that numerical method A is
more accurate than method B if the numeriéa] results from using method A
are closer approximations to the true solution than those from using method
B for the same stepsize. Consequently, the order of the method alone is
too crude as a measure of accuracy; rather a more refined measure of global
error is needed. Since the actual global error accumulated will depend on
the differential equation to be solved, parameters which depend only on the
numerical method in either a global error bound or in an expression for the
asymptotic global error will be suitable as a measure of how accurate the
method is.

Two candidates for the measure of accuracy are introduced in sec-
tion 2.2 and 2.3, respectively. To simplify expressions for global error,
we assume, for the rest of this chapter, that the starting values are ex-
act, and that the roundoff errors are negligible compared with the discre-

tization errors.

2.2 ASYMPTOTIC GLOBAL ERROR

We first consider a measure of accuracy which indicates the mag-
nitude of the asymptotic global error, i.e., the magnitude of the most dom-
inant term as the stepsize h becomes arbitrarily small (Gear, 1971,

pp.75-6,204-5):
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(k+1) k+1

t
Yo - ¥(ty) = Ky ft“ K(t,t)y'" (r)dr +0(h ) h>0  (2.1)
0

where K(t,t) satisfies the homogeneous ordinary'differentia1 equation

oK of :
—(toT) =._(t’.V(t))K(tnT) K(T:T) =1
ot oy o

Thus, one measure of accuracy is the paramefér Cre1? which is the only
method dependent part of the leading térm of the asymptotic;ekror expan-

sion. The error constant can be expresséd in terms of the aj‘s and the

.'s as
BJ
1

Cpyg = —
K ()1 =

e B O

3 a s - (ke1)3;] (2.2)

and in terms of the bj's as (Génin, 1973)

1 k b
=-— & —1 (2.3)
2" 3=0 j+ :
J even

Sk

1 1
= - —=| s(z)dz
2k+]-f;1

2.3 GLOBAL ERROR BOUND
Under the assumption that the stepsize h used when applying (e, o)

to solve system (1.1) is small enough such that

B :
h|&£1L <1
k

Henrici (1962, p.248) shows that an upper bound for the global error is

- given by
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(t,~t)TBL
k ]"leolL )
ly, = y(t)| < h'rGy - (2.4)
where
Yo = B/
N . v
Yy el
vyl ] e
I'=max|ys| » - = I Yig 2.5
jio J a0€k+a‘]ck +o-o+qk J"_"O J
: |81
B= ¢ |8,
j=0 7
) .
e=f |6(s)]|ds | (2.6)
0
G(s) is the influence function associated with (p,o0) and is defined by
1k Lk kT
6s) = — = [ay(3-5)K - ke;(-)K7T1 (2.7)
k! j=0 9 o

where, for any ve(-w,e),

X x>0

0 x<0
Note that a method of order > k is exact for polynomials of degree k and
hence G(s) = 0 for s < 0. Clearly, by definition, G(s) = 0 for s > k. It
is easily shown using (1.6) that G(s) is the kernel of the operator L,
(Henrici, 1962, p.248):

(k+1)

Ly (t) =‘hk+]./9 6(s)y" "1 (t+sh)ds (2.8)

where L, is the Tinear difference operator defined by
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k
Ly(t) = 1 ajy(t+ih) - h 3 g4y’ (t+ih) (2.9)
i=0 i=0 -

=

Henrici (1962, p.242) proves that T is finite.
A refinement of the above bound can be derived by using the quan-

tity

) ) B8, L 4B,
I = max |Y"s k k-]
jio OLOC +U:.IC +c . 0+uk j

(2.10)

™8
<>
<

instead of rB, as follows:
We start with the difference equation satisfied by the numerical

solution,

k k

o ket T2 B F(CgarinYgopei) =0 G 2K

The difference of the above equation and (2.9), the latter evaluated at t =

tj-k’ yields

k k
5 oas@s .. =h ¥ g8, o= - Ly(t: ) i>k
j=p 1 J-k+i s=0. 1V J k+i | h' Y-k =~

where e =y, - y(tv) and e = f(tv,yv) - f(tv,y(tv))_for_a11 v> 0, In
particular, e, = év =0 for 0 < v < k-1, Multiplying the above equation by
Yn-j and summing from j = k to j = n,

n k n k

n
Sy, s I oaz€:,..-h I y .+ I B:€i, . :=- L vy sLy(ts )
jek M- q=g VI k+i jek 3420 1 k+1i j=k N h’**j-k

The first term is, by (2.5), simply LI whereas the second term can be

shown, using (2.10), to be
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n
" 5 st
Hence, we have
n N n-k
e = h jEk Qn-jej.' jfo Ythy(tn—k-j) ' | (2.11)

As in Henrici (1962, p.247), Lhy(f)'ban be uniformly bounded by

Ly®)] < h*ley ot ot ctekh T
From (2.11), by the triangle inequality,
le | < hfL " je | + hiyylLle.| + hk+1PGY(n-k+])
ol <00 g legl * Bligltiegl + 0

or

L nel hK*1rgy
|en| < —— I |ej| + ————7:———(n-k+1)
1-h|y0|L j=k ' 1-h|y0|L
if thO[L < 1.
We shall make use of the diécrete Bellman inequality as stated in

the following lemma (BabusSka, Prager, Vitdsek, 1966, p.57):

Lemma 2.1

Let ¢v, wv,ev be sequences defined for v = 0,1,...,n, ev > 0,
and
v=l
+ =
by Yy -uEO N VI 0Theenun

Then
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n-1 n-1

by <V * £ 0.9 I (1+0.)
n—"n U=0 M 1JlS=u'I-'| s

Applying the above lemma with ¢ = |e§+k_1l, and
gy hfL

wv =Y, 6, =TT
1-h|y0lL ‘ 1-h|Y0|L .

we obtain the following global error bound:

(t.-t,_1)PL
k ]“leolL
ly, = y(t,)| < hTGY L (2.12)
T

The bound (2.12) is better than Henrici's bound (2.4) since
| S
The inequality is usually strict. For example, for the 2-step Adams Bash-
forth method (Gear, 1971, p.109),
. P = 3/2
TB = 2
From the bound (2.12), one possfb]e measure of accuracy is the
qqantity TG, There is no nice expression for TG in terms of the bj's.
We remark that the bound (2.12) can be further improved by using
the fact that, from (2.8), ' |
lngkyj Ly (tn_k-31 < <y ]k jngk vi6(s+i)|ds
j=0 k-n j=0
If we define

k

1 k n-
X = max | =

f. v.G(s+j)|ds
k<n<N n-k+17 k-n j=0 J
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then using a similar argument as in deriving (2.12) from (2.11), we obtain
a global error bound similar to (2.12) except that_the quantity TG is re-
placed by x. The fact that x < I'G is obvious, and x should be an impro-
vement for methods having an influence function G(s) which changes sign and

yj's approximately the same.

2.4 CONCLUDING REMARKS
We have introduced two possible candidates as reasohable measures
of accuracy, namely, |°k+1| and TG (or x). It is not difficult to show

that

Ick‘+]l i G

Moreover, equality holds if G(s) is of the same sign on (0,k).

The asymptotic error (2.1) could be too optimistic because of its
asymptotic nature, whereas the error bound (2.12) could as well be too pes-
simistic. In fact, C+] depends only on the even bj's, indicating possible
inadequacy as a useful measure of accuracy. On the.other hand, TG (or x)
is not the only method dependent quantity in the error bound, and there is
one more important quantity in (2.12), namely, T. Because Ick+1| can be ni-
cg]y expressed as a linear combihation of the‘bj's (cff (2.3)), we shall
choose it as the measure of accuracy in our Study.

v It should be finally remarked that the measure_lck+i| has the de-
fect that it does not reflect the instability of the method (p,0), in the
sense that its magnifude could be small even though the method is not sta-
ble at all. Hence it is a measure of accuracy for stable methods only. It
would be desirable to have a measure of‘accuracy that also includes the ef-

fects of the positions of the roots of po(z), since where the roots lie
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could have an effect on the numerical solution, as in the case when there
are multiple roots near the unit circle. If we consider the case when the
roots of o(z) are real and have magnitude greater than or equal to 1-¢,

e(0,1), then r will be large if ¢ is small. In fact,

J o ktv=2 1
r>mx z (. )(1-¢)¥= k-1
J>0 v=0 k-2 o e

Hence, the measure TG (or x) is preferable in that sense.
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CHAPTER III FROM AO-STABILITY TO A(o)-STABILITY

3.1 INTRODUCTION

As pointed out in section 1.4, the reaSbn for cbnsidering AO-
stability and A(a)-stgbility, which are weaker than A-stability, is to al-
Tow for methods of order greater than 2; In proving the existence of
Ao-stab1e methods in L[k] (definition in seétion 1.3) for arbitrary k,
Cryer (1973) shows that the foi]owing methods, as parameterizéd by the po-

lynomial s(z) (cf. section 1.3),
s(z) = (z + a)¥

are Ao-stable for d 3_2k+]. Jeltsch (1976) later proves that these methods
are in fact A(0)-stable. Hence A(0)-stable k-step methods of order k exist

for arbitrary k. The error constant of Cryer's method is given by (cf.

(2.3))

1k (k)d"‘J '
Chuq = =T I < -
kT 2k gm0 3 g4 2
J even
2

and thus |ck+]| is greater than 2K, Although, as remarked by Cryer, the

bound for d could be strengthened, yet the essential point is that ¢, is
of order O(dk), and that as k increases so must d. It is the‘impractica-
bility of Cryer's methods that motivates our investigation of limitations
on the accuracy of Ad-stab]e methods.

Some characterizations and properties of Ao-stable methods are
listed in section 3.2. In‘sectfon 3.3, we discuss in detail the accuracy

of Ao—stab1e methods in L[1] and Z[2]. Some lower bounds on |°k+1| for
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Ao-stab]e methods in L[k], for arbitrary k, are derived in section 3.4.

The existence of A(a)-stable methods of arbitrary order k for any ac(0,m/2)

is established in section 3.5.

3.2 CHARACTERIZATION AND PROPERTIES OF AO-STABLE METHODS

This section contains a survey of}known resu]ts'concerning Ao-
stability which will be referred to in_subséqUent sections and also in
Chapter V.‘_The parameterizatién (r,s) for methods in r[k] (cf. section
1.3) is used throughout. | |

We characterize A -stable methods in terms of some algebraic con-

0
ditions on the polynomials r(z)'and s(z). Restrictions upon the coeffi-
cients bj's are also given. A1l methods are assumed to be in L[k]. For
any complex number z, Arg z denotes that value of arg z which is in the in-
terval (-m,7].

We first consider A_-stability. The following theorems are taken

0
from Cryer (1973):

Theorem 3.1
The following statements are equivalent:

(i) (r,s) is A,-stable.

0 :
(ii) For all g€(~,0), the roots of r(z)-qs(z) lie in the interior of the
left half complex plane. |
(iii) For Re z > 0, r(z)/s(z) is regular, and does not take values in
(==,0). For z = jw, 1. = V=T, we(->,=), r(iw)s(-iw) does not take

values in (-=,0).

Theorem 3.2

If (r,s) is Ao-stab1e, then the zeros of r(z) and s(z) 1ie in the
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closed left half plane, and those on the imaginary axis are at most double

2eros.

Theorem 3.3

If (r,s) is Ag-stable, then

and, if k > 3,

bj > 0 fOY‘ j = 2,3,.--’k-]

A characterization of A(a)-stable methods is given by Widlund

(1967):

Theorem 3.4
The following statements are equivalent:
(i) (r,s) is A(a)-stable. _
(i1) For a1l geS, = {z : [Arg(-z)| < o, z # 0}, the roots of r(z)-qs(z) lie
in the interior of the left half plane.
(iii) For Re z > 0, r(z)/s(z) is regular, and takes its values in the com-

plement of Sa.

If, in addition to A(a)-stability, we assume that (r,s) is A_-
stable, then r(z)/s(z) is regular on Re z > 0.  Thus, by contfnuity,
A(o)-stability implies that '

r(iw)/s(iw) € S, for all we(-=,») (3.1)

On the other hand, the locus r(iw)/s(iw), we(-=,»), of an A_-stable method
divides the complex g-plane into several components, one of which contains

a neighborhood of «, denoted by V. Obviously, if (3.1) is satisfied, V
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-contains S, Since r(iw)/s(iw), we(-=,=), is the locus of q in the complex
plane for which a root of r(z)-gs(z) is purely imaginary, all roots of
r(z)-gs(z) for any q in the interior of V have to lie in the interior of
the 1eft half complex plane, a condition sat%sfied by r(z)-qs(z) at q = =,
From theorem 3.4, this means thét the method is A(a)-stab]e. 'Hence, for
methods which are A_-stable, (3.1) is necessary and sufficient for A(x)-
stability. | I | |
It can eési]y be shown that (3,1) is equivalent to the following
condition: ' N
Re r(iw)/s(iw)
) | Im r(iw)/s(iw)|
for all we(-=,») such that r(iw) 4 0. Condition.(3.1) or (3.2) will be

< cot a (3.2)

used in subsequent sections and in Chapter V to prove A(a)-stability when -
the method is A_-stable.

~ We conclude this section by giving another necessary and suffi-
cient condition for A(a)-stabilify ff the method 1s‘kn6wn to be Ao-stable
jnstead of A_-stable. The condition is a dfrect consequence of a theorem
by Jeltsch (1976), rewritten using the parameterization (r,s) instead of

(py0):

Theorem 3.5
The conditions (i)=(iv) aré necessary and sufficient for a method
in L[k] to be A(0)-stable:
(i) (r,s) is Ao-stable.
(ii) The roots of s(z) on the 1magina¥y axis are simple.

(iii) Let z = iw be a pure1y imagiqary root of r(z), then
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s{iw)

(iv) Let z = iw be a purely imaginary root of s(z), then

r(iw)
Re
-~ s'(iw)

> 0

If the method (r,s) is Ag-stable, then it is A(a)-stable if and
only if conditions (ii)-(iv) in the above theorem hold, and.(3.2) holds for

all we(-»,=) such that r(iw) # 0.

3.3 SPECIAL CASES k = 1,2
The limitations of the accuracy of Ao-stable methods in Z[1] and
I[2] are discussed in this section. A thorough analysis is possible since

only a few parameters are involved.

The polynomials r(z),,s(z), and the error constant c, of a method

in L[1], parameterized by (bo),'are

r(z) = 2
s{(z) =z + b0
Cy = - b0/2
Since
r(iw) 2by, 2w
=7 - i 5> for all we(-«~,»)
s(iw) w +by W +b0

the method (bO) is A-stable if ahd'on1y if b0 > 0, If b0 = 0, we have the

- trapezoidal rule, which is in fact of brder 2 since c, = 0. Its region of



29

absolute stability is the entire open left half plane. Any method
corresponding to by > 0 is A_-stable, | |

Hence, A-stable methods exist for any.lczl‘i 0, and, moreover,
those A-stable methods are A _-stable if [c,| > 0. The polynomials o (z) and

o(z) corresponding to the method'(bo) are

o) =z -1  5"

1+b 1-b

* OC + 0
2

ofz) =

It is obvious that Yy = 1 for all j > 0, and that ?0 = (1+by)/2, and ?i =
for all j > 1, so that
r=1

= max{(1+b0)/2,1}

3>
[

Furthermore, the influence function is given by

1-b
: | 0. s 0<s<1-
G(s): 2
0 ~otherwise
and it is easy to show that
(1+b5 '
.é 4 |
G=X=‘ X '
2 1 < b
L 2

3.3.2 k=2

For methods in L[2],’We‘have 2 parameters, bg,bq:

r(z) = 2(z + b])
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s(z) = 22

. 1( ])
(o =....b 4+ -
3 g 0 3

+ b]z + bOv

And hence

.‘ .4. 22
r{iw) b.by - iw(w +bJ-b.)
= 22100 )

s(iw) . (bo-w2)2 + b?w2

(3.3)

By theorem 3.3, if (r,s) is Ao—stable, it is necessary that

Thus there exists no Ao-stab1e method in L[2] with lc3l < 1/12. The po-

lynomial
r(z) + qs(z) = qzz.f (qb]+2)z + (qb0+2b])

has roots in the open left half plane for any qe(0,») if bO,b] satisfy

02 0, b] > 0, b0+b.l >0 (3.4)

Thus, from theorem 3.1, any method (bO’bl) which satisfies (3;4) is Ay-
stable. If b0 = 0, b] > 0, r(z) and s(z) have a common factor and the
corresponding method reduces to the one-step trapezoidal rule. Note that
it is the only Aj-stable method whose order (2) is greater than its step
number (1) (Cryer, 1973).

From (3.3),
by

2)2+b$w2

Cr(iw) 2b]
Re =

s(iw) i (bo-w
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is nonnegative for any we(-w=,«) if b0 > 0, and b] > 0. Hence for any |c3|
> 1/12, we can construct A-stable methods in Z[Z] by choosing b, = 4|c3| -
1/3, b, 3_0 (cf. (3.2) and the remarks after theorem 3.5). If b1”> 0, the
method is A_-stable. | - .

The polynomials p(c) and o(;) correspond1ng to (bo,b ) are

by+1 g b]-1 ~ byt .'.brl
o(z) = - bt +——=—(c - D - —
L 2 byl
b.+b,+1 1-b, by=b+1 | |
ofg) = 2124 0y 01
4 2 4
so that
b1 ;
vy =1 - 1yt for all j > 0
b'|+]_ ‘
and
(1-b, by
—s(s -1+ ) 0<s<1
4 , b]"]
G(S) =< '|+b_| b : i
(5-2)(5-1+——) l<sz2
1+b, ,

-0 ' otherwise
For fixed by > 0, if we choose 0 < b, < 1+by, then G(s) is of one sign on
[0,2] and hence G = |csl, and if we choose 1 < b], then T < 1. In either

case, the method is A-stab]e, and 1s a1so A -stable 1f b > 0 and b1 > 0.

3.4 SOME LOWER BOUNDS
As pointed out in section 2.2,- the error constant Cet associated
with a method 1in r[k], parameterized by«(bo,b]...,,bk_]), can be expressed.

as a linear combination of the even Qj's (cf. (2.3)):
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1 k bj
Ck+1 ° - EE: jEOIE:T
J even
In this section, we derive some lower bound on [Ck+]|_for.methods in 1 [k]
which are Ag-stable.
We firét consider the cése,when k is even. A necessary condition

for the method (by,by,...,b,_q) to be Ao-stéb1e is that

b > 0 §=2,3,000,k=1

(cf. theorem 3.3). Since, by normalization, b, = 1, a Tower bound for
leeq ] s
1
el = = e 2 K o)

the inequality being strict if k > 4, The case when k = 2 has been dis-
cussed in section 3.3.2, where it was shown that the lower bound is at-
tained by the trapezoidal rule.

A similar argument when applied to the case when k is odd will

lead to the lower bound

legrrl = = Cpap 2 0

with stricf inequality when k > 3. Agaiﬁ, the lower bound is attained by
the trapezoidal rule.in the case when k =1 (cf. section 3.3.1). It will
be shown in the next section that for any ¢4 < 0, there exist methods in
L[3] which are Ao-stable and have error constant Cp. For fhe general case
when k > 5, k odd, a lower bound for '°k+1| can be derived from the fol-

lowing lemma:



33

Lemma 3.1

Let k > 5, k odd. If (bo’bl"°°’bk-1) is an Ag-stable method in
L[k], then
(1
- k =5
b by 9
3 k=2 )1 .
' - k >7
LK
Proof '
Suppose the contrary, i.e.,
(1
- k=5 .
k-1 b a, b 9
by I —>= X '5_3 (3.5)
v=2 v=1 2 { ]
v even _ b - k >7
Lk
From theorem 3.1, Ao—stabi11ty implies that, for any q€(0,»), the
roots of
gr(z) Kk -
s(z) + = © H.(q)2
j=0 °
where
H (q) =1
a.

Ho(q) = by + gL § = 0,1,.0.,k=1
J o2 |

lie in the interior of the left half complex plane. Hence, it is necessary

that the following ihequality be satisfied for all q > 0 {(cf. Appendix A):
Hk_](Q)H](Q) - Ho(Q) >0

In terms of powers of q, the left hand side can be written as
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a a.b a

1 2 , ¢ [ k=1 1 k-1 ( 0 b.)]

- (-2 - q+ (b, b, - b,)
Since bv > 0 for v > 2 (cf.. theorem 3.3), the coefficient of q is negative '
from (3.5). In order that the above quadratic (in q) be positive for all g

> 0, it is necessary that _

b .
1 k-1 0 2 :
[ > -‘(—z-—u-bl)]4<2a (b _1by = bg)
or
a.b 1 a.b 1 a
2abg + (KL - )2 Lkl Ly Do Ly
2 k 2 k 2 k
a 1
0 2
+ (E_- by - E) - 2a;b,_1by < 0 (3.6)
which implies that
an 1
0 2
(2— - by - ;) - 2a;,b, b, < 0

since the first three terms in (3.6) are nonnegative.' However, from (1.9),

R -b, k=5
(a_O-b-IZ by_obs (k1)b {9
2 VK T3ke2) " l2e2) VT )4
Eb] kz_7
.
>2a1bk]b]

making use of the fact that, by theorem 3.2, s(z) has no root in the open

right half plane, and hence (cf. Appeﬁdix A)

by _gby > (k] )b

We thus have a.contradiction. Q.E.D.
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Theorem 3.6

Let k > 5, k odd, If (bO’b1""'bk-]) is an Ao-stable method in

L[k], then
lCperl !
c > =)/
k1T 7 kg
Proof ‘
Suppose that
k-1 b 1
Z.'__\)_<__
v=2 v+l = 3k
v even
Since b, > 0 for v > 2 (cf. theorem 3.3),
b k-1 b1
k-1 < 5 __2_5'__
-k v=2 v+l 3k .
v even
and thus
3bk-1 <1
Therefore, by lemma 3.1,
1 k=1 b 1 k-1 b k-1 b
"'—'<bk_-l Z_""\’)'(- Z——\-)-< Z—_\')"
3k - v=2 v-l 3 v=2 v-l v=2 v+l
v even v even v even

We arrive at a contradiction. Since bo_z 0 (cf. theorem 3.3),

o] 1okl b,
Jepar] > = — > —o0— Q.E.D.
kH1E =0k oo vi1 23k ~

It should be remarked that the above lower bound can be

strengthened. The important point is that l°k+1| is bounded away from zero
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if the method is Aj-stable. Moreover, the infimum of |c\4q! fOr Aj-stable

methods lies between 1/(2k3k) and 2k2+k'1.
3.5 HIGHER ORDER A(c)-STABLE METHODS
In this section, we demonstrate how, for given qé(d,w/Z),
A(a)-stable methods in r[k] can be éonstructed. and by doing so, prove that
A(a)-stable methods of arbitrary order k exist for any aE(O,n/Z). The ac-
curacy of such methods is also discussed. A statement about the accuracy
of Ao-stable methods in LZ[3] is given as a coroT1ary. Sihce the cases when
k = 1,2 have been analyzed in section 3.3, we assume throughout that k > 3.
Di1l and Gear (1971), when searching for stiffly stable methods
of order greater than 6 (cf. section 1.4), make an interesting observation
that there is a greater likelihood of stiff stability for methods whose
o(z) polynomial has multiple roots near 1. Consider the method represented

by

oz) = (=1, o(z) = (g4s) -1k 1/ (14s)

The common factor (c-1)k'] makes the method of order k automatically. The
method "almost" satisfies the root condition and has the'same stability re-
gion as |

plc) =¢-1, alz) = (z+8)/(1+¢)
which is A-stable if s€(-1,1]. Now by choosing k-1 roots of o(z) to be
slightly less than 1 instead of 1, we may be able to get an A(a)-stable
method in L[k] with o close to n/2, To this end, consider the two

parameter family of methods parameterized by the following polynomial:

s(z) = (z + d)(z + D)1 (3.7)
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where
0<d <D
Since bg,by,...,b) are coefficients of the polynomial s(z), using elemen-

tary algebra, we can show that, for each j = 0,750005Ky

' k-J _ k-1 d k-1
| -1 D
= Dk'JBj_ (3.8)
where Bj is the quantify’inside the brackets and‘is bounded by
k
Bj < () (3.9)
j

Since the method (r,s) is of order k, the coefficients of the po-

lynomial r(z) are given by (cf. (1.9))

k b
aj = 2 z ——1% J=0,1,.00,k=1
v=j+1 v=j : :
v~j odd
and hence
k=1 : -k s (z)
r(z) = z asz =2 m
j=0 Som=l om
m odd
where
k-m ,j )
sm(z) = jio bm+jz (3.10)

are monic polynomials of degree k-m, 1 < m < k. Define the monic polynomi-

als u(z) and u](z) of degrees k-1 and k-2, respectively, by

u(z) = s(z)/(z + d) (3.11)
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up(z) = (u(z) - u(0))/z

Since s](z) = u(z) + du](z), the ratfona] function r(z)/s(z) for z = iw,

we(-=,=), is then given by

r(iw) 2 ul(iw) vk Sp(iw)
= [1+d + I A (3.12)
s(iw)  iwwd cu(iw)  m=3 mu(iw)

m odd

If we are able to choose d and D so that the quantity

u(iw) - k s _(iw)

d 1 + 3 O ,
u(iw) - m=3 mu(iw)
m odd '

is sufficiently small, for any we(-«,), with respect to the constant 1,
then
r(iw) 2

= - for a]]lwe(-w,é)
s(iw)  w+d

in which case we may be able to get A(a)-stability for o close to n/2. And
that is the main idea behind the discussion that follows. We shall find a
uniform upper bound in terms of d and D for the following "undesired" por-
tion of the function r(iw)/s(iw) over - <w = Dy < o

u(iDy) k sp(iDy)

d + 1 —

u(iDy) m=3 mu(iDy)
m odd

Then by appropriately choosing d and D, it will be shown that.we are able
to get A(q)-stability for any given oe(0,n/2). Note that 2/(iw+d),
we(-»,»), is the locus of a circle in the complex plane centered at 1/d
with radius 1/d. I

An expressiontfok lu(iDy) | 1s‘easi1y obté%néd from (3.7) and

(3.11) by substituting z = iDy and factoring out the factor D,
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k-1

lu(ioy)| = 0¥ T(y% + 1) 2 (3a3)
We next find an upper bound for |s (iDy)|, 0 <m < k. From

(3.8), (3.9), and (3.10),
|, (iDy)|? = Ik;m pk™Jg _(1oy)d|? < p2{k-m) ’(.2
Sm\ 111 = 520 m+j( Dy) b Prem(y)

where Pk_m(yz) is a monic bo]ynomia] of degree k-m in yzg independent of
the parameters d and D. Combinihg (3.13) and the above bound, we have, for
any m > 1, '
: 1
sm(1Dy) M

<

u(iDy)'v—'Dm'

1

uniformly in ye(-=,»), in which M' is some positive constant. It follows
that, if D > 1,

k sm(iDy) M kK 1 M
by | <z w3 <7 (3.14)
m=3 mu(iDy) D m=3 mD D
m odd - modd

where M is a constant independent of d and D (e.g. M = M'k).

By a similar akgument, we canrprove that there exists a constant
K > 0 such that
u](iDy) K

| < -

u(iDy) D

uniformly in ye(-=,»). Together with (3.14), we obtain the following bound
for the "undesired" portion of r(iDy)/s(iDy) (cf. (3.12)) when D > 1:

u](iDy) k sm(iDy) dDK + M
+ I < 5

u(idy) m=3 mu(iDy) D
m odd

|d (3.15)

We now proceed to show how, for any given o€(0,7/2), the
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parameters d and D can be chosen so that the method is A(a)-stable. Assume

that o=(0,7/2) be given. To get'A(a)-étability, we want

for any ye(-=,») such that r(iDy) $ 0 (cf. (3.1)). Consider an arbitrary

y€(~»,=), If we choose d and D > 1 such that

oK +M - S
5— < sin(= - o) | ~ (3.16)
then
r(iDy) 2 u(idy) ks (iDy)
|Arg | < |Arg | + JArg [1 + &———+ =
s(iDy) iDy+d u(iDy) m=3 mu(iDy)
m odd
dDK + M

+s1'n']( 5 )<m -a

Therefore, from (3.1), the method (r,s), if convergent, is A(a)-stable pro-
vided (3.16) holds. It remains to show that the polynomial r(z) , when
(3.16) is satisfied, has roots in the left half plane. We shall need the

following theorem (Levinson and Redheffer, 1970, p.218):

Theorem 3.7 (Rouché's theorem)
Let f(z) and g(z) be analytic in a simply connected domain con-
taining a Jordan contour J. Let |f(z)| > |g(¢)| on J. Then f(z) and

f(z)+g(z) have the same number of zeros inside J.

Since

| k g,(z)
r(z) = 2[u(z) + duy(z) + =
m=3 m

m odd

]
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from (3.15) and (3.16),

r(iw)

| - u(iw)] < |u(iw)] | | (3.17)

for any we(-~,»). Applying theorem 3.7 with

ol 1 z# z+]
f(z) = u(—), g(z) = -r(—) - u(—)
-1 ' 2 -1 z-1

and J being the unit circ1é, we conclude, from (3.17), that the polynomials
u(z), = r(z)/2 . '

have the same number of zeros in the interior qfvthe ]eftvhalf z-plane.
Hence all the roots of r(z) lie in the open left half plane, and the
corresponding method (r,s) is convergent (cf. section 1.3) -- in fact,
strongly stable.

We can hence obtain, for any ae(0,7/2), methods in L[k] which are
strongly stable, A_-stable, and A(a)-stable by choosing the parameters d
and D > 1 such that (3.16) is satisfied (Slight modification needed if D <
1). It should be remarked that d can be made arbitrar%]y small, and in
fact zero, though the method will not be A -stable when d = 0.

From (3.8), the magnitude of the error constant Cr+] is given by

1k k-1 DX k-1 k-1 pk=d-1
ol =gl 2 ( )—+d z ()] (3.18)
2% §=2 j-1j+ =0 § J+l :
j even Jj even

If we choose d such that d O(D']), then from (3.16), for A(a)-stability,

]
2 ) as o > =

D

il
o
—~

- Hence, the magnitude of the error constant, being of order O(Dk-z) for lar-
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ge D, is of order

k-2

1 =
0([2_ ] 2 ) as o - ~

2-0. 2

The results "in this section can be summarized by the following

theorem:

Theorem 3.8 | ‘ .
For arbitrary k and any oe(0,7/2), there exist A(a)-stable k-step

methods of order k which are A_-stable and strongly stable.

Corollary 3.8.1

The method corresponding to

s(z) = z(z + D)k-]. (3.19)

is Ag-stable if 02 3_2k-3 + 1.

Proof

To prove the corollary, all we have to do is to obtain value for
M' (cf. (3.14)) in terms of k when k > 3 (the case when k < 2 is trivial --
see section 3.3). MWe shall make use of‘the following identities, the veri-
fication of which is straightforward:

k-3 .
k=1 k=1 k3 oo (k=T)m

o ( )=2"""4+2° cos (3.20a)
=0 3§ 4
j=0 mod 4
S A I
r ( )=2 " +2°sin (3.20b)

J= 3 4
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I =2 - 2 " cos (3.20c)
= j 4
j=2 mod 4
k-] k"] k_3 'I%i (k".I )'" A
T ( )=2 -2 “sin ' (3.20d)
j=3 J 4
j=3 mod 4 |
Since for any 0 < j < k-1,
'|y|J 5_(y2 + 1) 2» for all y&(-w,)
we have, for m > 3, m odd, from (3.8), (3.10), (3.13), and (3.20),
1y s.(iDy) k-m k=1 k-m k-1
p2m-1) SN2 e (0 xR
u(iDy) j=0 m+j-1 j=2 m+j-1
j=0 mod 4 j=2 mod 4
k\m k-1 kem k-1,
+ [max{ = ) PR S | )1]
j=1 m+j-1 j=3 m+j-1
j=1"mod 4 =3 mod 4
ka3
Therefore, if D > 1,
3 k-3
K s (iDy) 2 2k 2 2 k3
L < z < <
=3 mu(idy) — 0% me3 mD™3 ~ 3(pP-1) DA
m odd m odd

uniformly in ye(-=,»). We note that the above upper bound is different

43

crom that in (3.14). In fact (3.14) is satisfied if we choose M = k2¥™3/Z,

Using a similar argument as in deriving (3.16), we can show that the method

represented by (3.19) is Ao-stable if

or
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2

02 5 gk-3

+1 Q.E.D.
Remark
From (3.18), the magnitude of the error constant of the method

2 k-3

represented by (3.19) when D = 2 + 1 is of order

o,
0((k-1)25 /%) as k>

Corollary 3.8.2 _ |

For any o€(0,7/2) and‘any C > 0, there exist A(a)-stable 3-step
methods of order 3 with error constant -C.
Proof

Assume that ae(0,7/2) and C > 0 are fixed. Consider the class of

third order methods represented by

s(z) = z(z° + 24z + R9)
where R > max{1,12C}. The magnitude of the error constant of the method is

C. It is obvious thaf
1
r(z) = 2[u(z) + -]
3

where, from (3.11),

u(z) = 22 + 24Cz +,_R2

Hence the root condition is satisfied. The Tocus r(iw)/s(iw) can then be

expressed as

r(iw) 2 1
=—1 + ]
s(iw) iw 3u(iw)

We first find a uniform upper bound for 1/(3u(iw)) over -» < w =

Ry < », IfR 3;12/?C, then
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—l

- 1
¢ , , % 12¢ , 5 |
lu(iry) | = R2L(1-y2)2 + (=) %217 > 2arel - (—)21° 2 12/2RC
R R |

Thus
1 1
| | < —
3u(iRy) ~ R(3672C)

uniformly in ye(-=,»). Using a similar argument as that in (3.16), the

method is A(a)-stable if R satisfies

1 | m
———— < sin(- - a)
R(36+2C) 2
in addition to the assumption that R z_max{1,12/?t}. ' Q.E.D.

Remark

Note that the roots of r(z) have magnitude R2+1/3. This implies
that as o » 7/2, the polynomial p(;)/(;-l) has roots close to 1. The
corollary simply demonstrates the inadequacy of the error constant as a

measure of accuracy for k = 3,

3.6 CONCLUDING REMARKS

As remarked in section 1.4, an ODE solver could have for each or-
der k a family of formulas parameterized by a. We have to know what o we
~ want before we can select the right formula. While thé order k is chosen
automatically, the angle o would be either supplied by the user or also
determined by the code. As an illustration, for specified va]ues of k and

a, we could choose among the class of methods of the form

s(z) = (z +d)(z + D)k']
the method whose parameteré d and D satisfy (3.16) (the values for M and K

- can be found using a similar argument as in the proof of corollary 3.8.1){
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The method will then be of order k and A(a)-stable. We note that the above
class of methods can be parameterized by the two pafameters d ahd D, or by

the parémeter D alone, in which case d can be a fixed constant or a func- '
tion of D (d has to be of order o{(D) so that (3.16) can be satisfied when o

~+ m/2). However, the‘se]ection of the formulas for various.aAmightbbest be
done through some table residing in the code. The simplest such ar-

rangement would limit the drder depending on a,



47
CHAPTER IV  MINIMAX

4,1 [INTRODUCTION

In the next chapter, we shall be concefﬁed with investigating how
large the angle of absolute stabi]ity can be among methods having error
constants of the same magnitude.  Since an analytical solution is difficult
to obtain, we shall solve it using numericaT methods. If we restrict our
attention to A -stable methods.only,_then from (3.2), a method (r,s) is
A(a)-stable if | |

Re r(iw)/s(iw)
sup - < cot a

—ocw<eo | Im r(iw)/s(iw)| T
r(iw)30

Finding the limitation on the angle o« among A_-stable methods having error
constants of the same magnitude is then equivalent to solving for the in-
fimum of the quantity on the left hand side of the above inequality over
all values of the parameters bo,b1,...,bk 1 subject to appropriate con-
straints. In this chapter. we discuss a numerical search procedure for
solving constrained minimax problems. The formulation of the above problem
jnto a constrained minimax problem is given in more detail in Chapter V.

A formulation of the constrained minimax problem is stated in
séction 4,2. A feasible descent algorithm is discussed in section 4.3, the
convergence of which is proved in the subsequent section. Soﬁe modifica~

tions of the algorithm are suggested in section 4.5.

4,2 STATEMENT OF THE PROBLEM
Consider a continuous real-valued function f(x,y) defined on the

domain X'xY, where Y is a nonempty compact set in Rm, and X' is an open set

in R" containing as a subset the set X described by the fallowing nonlinear
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inequality:

X = {xk" | g(x,u) < O for all uel} : o (4.1)

in which U is a nonempty compact subset of RP and g is a continuous real-
valued function defined on R"xU. The problem is to minimize the objective
function

¢ (x) = max f(x,yf ‘ o (4.2)
CyeY

over the closed (not necessarily bounded) set X. The set X:is called the
feasible region or constraint set and any xeX js.a feasib1e point.

The approach that is used in solving most constrained optimiza-
tion problem goes as follows: first, Lagrénge multiplier theorems descri-
bing the necessary conditions that an optimal solution must satisfy are
formulated, then an iterative search is devised to locate points which sa-
tisfy the necessary conditions. Those points are usually called stationary
points. To this end, we require that the functions f(x,y) and g(x,u) be
continuously Fréchet differentiab]e (Luenberger, 1969,-p.172) with respect
to x on X'xY and R"xu, respectively. It can then be proved that the func-
tion ¢ is Gateaux differentiable (Luenberger, 1969, p.171) at each xeX',
the Gdteaux differential of ¢ at x in the direction d beihg given by
(Dem'yanov and Malozemov, 1974, p.188)

3¢ of
—;;(X) = yéng?x)(;(g.y).d) (4.3)
where ( , ) is the s¢a1ar product of two vectors and
R(x) = {yeY | ¢(x) = f(x,y)} (4.4)

A stronger statement is in p.191 of the same reference:
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of
o(x+hd) = ¢(x) + h max (—{(x,y),d) + o(h;d) (4.5)
yeR(x) ax : :
where o(h3d)/h > 0 as h > 0 uniformly in d, ||d|| =1 (]| || is the Eu-

clidean norm).

4.3 A FEASIBLE DESCENT ALGORITHM |
As pointed out in. the previoqs seciion, we first state a theorem
describing stationary points of‘¢ on X (cf. (4.1) and (4.2)) and then pro-
pose a feasible descent a]gorithm to find a stationary pdint. ‘The fol-
lowing notation will be needed, in which wER",'yERm, uekP;
Q(x) = {uwel | g(x,u) = 0}

of |
H(x) = {—{x,y) | yeR(x)}
X

39
H'(x) = {—(x,u) | ueQ(x)}
X

L(x) = conv. [H(x) u H'(x)]

s ' s

conv S = {121 a;Z; | Z;€8, 0;20, I<ics, iil o =1}
r

cone S ={ x AZ | Z;€S, 2;>0, I<icr}
,i=] 1 1_ _

The function f(x,y) is said to be binding at xnif yeR(x). Similarly, the
constraint g(x,u) is said to be active at x if ueQ(x).
Dem'yanov and Malozemov (1974, pp.191-196,203-204) derive the

following necessary conditions for the optimal solution:

 Theorem 4.1

If, in addition to the assumptions stated in section 4.2, we as-
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sume that for each ueU, g(x,u) is convex in x, and that the Slater condi-
tion is satisfied, i.e., there exists xcB" such that

max g(x,u) <0
uel

then a necessary condition for the function ¢(x) to achieve its minimum on
X at a point x*eX is that

conv H(x*) n cone [- H;(x*)] 30

An equivalent necessary condition, but computdtioha]]y easier to
test, can be derived uSihg the same idea as 1n.Dem'yanov and Malozemov

(1974, pp.146-148 in which U is assumed to be a finite set only):

Corollary 4.1
The necessary condition in theorem 4.1 is equivalent to

OeL (x*) (4.6)

Definition
A point x*eX which satisfies (4.6) is called a stationary point

of ¢ on X.

We proceed to describe a feasible descent algorithm for finding
stationary points of ¢ on X. For any feasible point x, a nonzero vector
deR" is said to be a feasible direction on X at x if there exists a scalar
h > 0 such that x+hdeX for all he[0,h] (Zoutendijk, 1966). A necessary
condition for a nonzero vector d to be a feasible direction at xeX can be

shown to be

(Eg(x,u),d) <0 for all ueQ(x) (4.7)
X

We note that some authors call d a feasible direction if (4.7) holds. It
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can be proved that, when the assumptions of theorem 4.1 are satisfied, the
closure of the set of feasible directions at x is equal to the set of deg"”
satisfying (4.7) (Dem'yanov and Malozemov, 1974, p.199). We call a nonzero
vector d a feasible descent direction for ¢ on X at x if there exists a po-
sitive scalar h* such that, for any he(0,h*], x+hdeX and ¢(x+hd) < ¢(x)
(Zoutendijk, 1966). o |

The feasible deseent'algorithm works as follows. A feasible
starting point x, is givenQ Suppose that we have obtained points
xo.x],...,xvex. If xv‘is a stationary point, the algorithm terminates.
Otherwise, a new point x . ,eX is determined such that ¢(xv+1) < ¢(xv), or
it is concluded that no stationary point exists. The latter may occur sin-
ce X is not bounded. vThe determination of X 4] consists of two parts: a
feasible descent direction dv et”xv is found, then a step is made in the

direction dv by choosing a step size hv so that the new point X4 =

| x,*h d  is in X and satisfies ¢(xv+1) < ¢(xv). If the two conditions can

be satisfied by any h.>‘0, or if ||x || becomes unbounded as v increases,
then we conclude that no stationary point exists.

The feasible descent directions can be determined using the bin-
ding functions and the active constraints. ance the function ¢(x) is not
Fféchet differentiable, such strateéy ceuld result in Convergence to a non-
stationary point (example in Dem'yanov and'MaTozemov, 1974, pb.76-82 where
X = Rn). Such a phenomenon is known es zigzagging. It occurs when the
sequence of steps beeomes progressively very small not because a stationary
point is in the vicinity but because new binding functions or new active

constraints are encountered. One remedy is to take into consideration not

- just the binding functions and the active constraints but also the "nearly"
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binding functions and the "nearly" active constraints. This also serves to
prevent binding functions and active constraints from "disappearing" due to-
roundoff errors.

Let e,u be nonnegative numbers and define the sets

R.(X) = vV | 6(x) - f(xy) <3 (4.8)
Qu(x) = {uel | - u < g(x,u) < 0}

_ ',af' .
H(x) = {—(x,y) | yeR_(x)}

0X

] ag .
Hi(x) = {;(X.u) | ueQu(X)}

Lsu(x) = conv [He(x) U HL(x)] (4.9)

Note that Ro(x) = R(x), Qo(x) = Q(x), Ho(x) = H(x), Hb(x) = H'(x), and
LOO(x) = L (x). Moreover, the sets HE(X) and HL(x) are compact and hence
Lgu(x) is a compact convex set. Let zeu(x) be the point of Lsu(x) nearest
the origin, i.e., |

||z

(¥ = min X)IIZIII

~ zel
EU

If zeu(xv) = 0, or equivalently, OeLeu(xv), then we call x_ an (eyn)-
quasistationary point of ¢ on X, in which case ¢ and n 'are reduced and the
search continues with the new e and u. Note that (0,0)-quasistationarity
is equivalent to stationarity. If zéu(xv) + 0, define

Zsu(xv)

d, = - —F— (4.10)
|12, (X ) |

152 VY

The vector dv is a feasible descent direction as shown by the following

- Temma:
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Lemma 4.1
For any e > 0 and u > 0, if x is not (e,n)-quasistationary, then
d, as defined in (4.10) is a feasible descent direction for ¢ on X at x,.

Furthermore,

3 '
SE-(X”)'f’P Hzg (x )
Proof ‘
Since zeu(xv) is the point of Leu(xv) nearest the origin, it can

be shown that (Dem'yanov and Malozemov, 1974, p.252)

lz, (x )12 < (2,2,(x))  for all zel_(x,)

Thus, from (4.10), we have

(z,d,) < - [z (x)]] <0 for all zeLsu(xv) (4.11)

gty

In particular,

of | .

(;—(xv.y),dv) <= Hzg (x ) for all yeR(x,)
X

3g |

(;;(xv,u),dv) < - Hzg x ) for all ueq(xv)

Using (4.3) and (4.5), and a similar argument for the function

max g(x,u)
uel

it is then obvious that dv is a feasible descent direction, Q.E.D.

After determining the feasible descent direction dv, we next want
to take a step in that direction. The stepsize hv can be found by the fol-
lowing step selection rule, which is a modification of the Armijo rule (Po-

lak, 1971, p.36):
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Let y > 0, 8€(0,1), and o€(0,1) be fixed constants. The values vy
= 1, B€(0.5,0.8), and o = 0.5 are recommended by Polak (1971, p.36). We

start with an initial value for h, given by

_ v-1
hv —‘max{Y.—E——}

If h, leads to an infeasible point, it is reduced by the factor g until the
feasibility constraint is éatisfied. Note that since‘dv 1s a feasible
direction, at most a finite number of reductions is needed. There are then
two possibilities. If |

¢(x +h d ) 5_¢(xv) - chvllzeu(xv)ll ' (4.12)

vV VWV

then we define Xo41 = X, t hvdv. Otherwise, the stepsize hv is reduced
successively by the factor B until the above inequality is satisfied. The
h, corresponding to the smallest ¢(xv+hvdv) obtained in this iteration is
the stepsize used in defjning:xv+], Te€ey Xo41 = X, t hvdv. Since dv is a
feasible descent direction, the number of reductions must be finite. In
case ||x,+h,d || is large, it is conceivable that no stationary point ex-
ists, hence the algorithm terminates.

~ The constant v ensures that the initial stepsize is not too
small, whereas the choice hv_]/B enables us to try a possible larger step.
We remark that the original Armijo rule uses y as the initial trial and

chooses as the stepsize the first hv such that xv+hvdvex and

. 3¢
o(x *thd ) < ¢(x ) + oh\,—ad—(xv)
v
Since ¢(x) is not Fréchet differentiable, we replace a¢(xv)/adv by

- llzsu(xv)ll which is, from lemma 4.1, greater than the former quantity.
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Note that we can choose as the stepsize the first h, such that x,*h d,E€X
and (4.12) is satisfied. The cohvergence theorem proved in the next sec-
tion still holds, and in fact holds for any line minimization rule which
gives a better point, i.e., smaller ¢(xv+1). than the rule ju;t mentioned.
Since it is more desirable to have a,largér decrease along the descent
direction, we choose as the stepsﬁzé7the one corresponding to the smallest
¢(xv+hvdv) among the va1ue§ tried. |

Suppose that stationary points exist. For a given pair of num-
bers (e,u), the direction and step selection a]gbrithm as described could
be repeated until an (e,u)-quasistationary poinﬁ is found. In practice, we
need only continue the iteration until a point x €X is found such that |
||z€u(xv)|| < p for some positive number p. Then the three numbers e,u,p
are reduced and the algorithm is applied again using the new e,u,0, and the
current x as an initial point. The éntire algorithm will be referred to
as the M-algorithm and the portion in which ¢,1,p are fixed will be refer-
red to as the (e,u,p)Qalgorithm, Let {e, | kK >11, {uk | k >1}, and {pkl
k > 1} be the strictly decreasing sequences of positive numbers used by the
M-algorithm. We use the superscript k, i.e., xk, to denote the point re-
turned by the (e,u,p)-algorithm with €= sk; W= Uy 0= Ppe In other

words, each xk, k > 1, satisfies
) .
[zepu () 11 < 0,

The points generated'by the (e,u,p)-algorithm for the values €0 We» Py is

denoted by the additional subscript v, i.e., xt. Note that xg = xk']. The
k k

can be shown using

 fact that there exists a finite " such that x" = X5
k

theorem 4.2 (cf section 4.4).. The convergence of the sequence'{xk | k > 1}
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to a staticonary point is discussed in the next section.

We finally remark that an approximation fdr the vector zéu(x) can
be obtained as follows. Discretize the sets Re(x) and Qu(x) and define the
matrix D whose columns consist of vectors in He(x) and Hﬁ(x) evaluated at
the discretized points (cf. (4.9)). Then zsu(x) can be approximated by Da*
where a* is the optimal solution of the following convex quadratic program-

ming problem:

minimize ‘aTDTDa

. . . T
subject to as > 0, i=1,...,9 a = [a],az,.,.,aq]

u1+a2+...+aq =]

The above problem can be solved by a number of methods, e.g., the "first
symnetric variant of the simplex method" (Van De Panne, 1975, pp.270-280)
which is shown to converge to the optimal solution in a finite number of

iterations.

4.4 CONVERGENCE

In this section, we prove that the M-algorithm described in the
previous section converges to a stationary point if it exists. The proof
is in two stages: the convergence of the (e,u,p)-algorithm for positive
esppp and then ﬁhe convergence of the M-algorithm to a stationary point as
e, > 0, ¥ + 0, and pg > 0. The existence of stationary points is assured
if the sequence {xt 0 <wv < Vs k > 1} generated by the M-algorithm is

bounded or the set
x(C) = ex | 6(x) < o(x°)}

is bounded, where xOEX is a given starting point for the M-algorithm. For
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simplicity, we assume that the latter holds.

Lemma 4.2
For any € > 0, there exists & = &(¢) > 0 such that

R(x') € R (x)

for all ||x'-x|| < s, x',xEX(xo).
Proof ‘
The asse§tion follows directly from the definition of R(x) and

Rs(x) (cf. (4.4) aﬁd (4.8)) and from the uniformAcontinuity of ¢(x) on

X(xo) and f(x,y) on X(xo)xY. ' Q.E.D.
Lemma 4.3
For any ¢ > 0, n > 0, there exists h¢ = h¢(a,n) > 0 such that
¢ (x+hd) - ¢(x) of
- max  (—(x,y),d) <n
h yERe(x) oxX - .

for all he(0,h,], xeX(x%), and det" such that x+hdex(x") and ||d|| = 1.
Proof

From the uniform continuity of 3f/3x on X(xo)xY, there exists po-
sitive h' = h'(n) such that

| of
f(x+hd,y) = f(x,y) + h(;;(x,y),q) + ha(x,y,hd)

where |A(x,y,hd)| < n for any xEX(xo), y€Y, he(0,h'], and deR" such that
x+hdex(x’) and |[d]] = 1. - | |

By lemna 4.2, there exists positive h" = h"(e) such that

R(x+hd) € R_(x)

for any xex(xo), he(0,h"], and deR" such that x+hdex(x0) and ||d]]| = 1.
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Let hy = min(h',h"}. Then for any xeX(x'), he(0,h, 1, and det”
such that x+hdeX(x0) and ||d|| = 1,

max f(x+hd,y) < max -f(x+hd,y)

¢ (x+hd)
yER(x+hd) yeR_(x)

of :
max f(x,y) + h max (—(x,y),d) + hn
YERg(X) oo yERe(x) X -

A

: of ‘ _
¢(x) + h max (—(x,y),d) + hn o Q.E.D.
yeRe(x) X -

Lemma 4.4

For any u > 0 and n > 0, there exists h

[
hd) -
plnd) v b0 - max (ig(X.U),d) <n
h - ueﬂu(x) X

for all he(0,h 1, xex(x0), and de&" such that x+hdex(x’) and ||d|] = 1,

= hw(u,n) > 0 such that

where

p(x) = max g(x,u)
uel

Proof

Similar to that of lemma 4.3.

Theorem 4.2 | A
For any ¢ > 0 and u > 0, if {x, | v > 0} is the sequence of
points generated by the (e,u,0)-algorithm with initial value xoeX(xo), then

||z€u(xv)|| + 0 as v >, v>0

~ Proof

Let n > 0 be given. Define (cf. lemma 4.3, 4.4)




h* = min{h¢(6.(l-c)n).hw(u.n).Y}

Since {¢(xv) | v >0} is a monotone sequence bounded below by

inf o(x) = infg o(x) > - =
xeX xeX(x")

there exists a positive integer N = N(e,u,n) such that

‘¢(Xv) - ¢(X\,+]) < oBh*n - for all v > N

Let Ev be the stepsize last tried by the step selection rule (not neces-
sarily the stepsize chosen). Then xv+ﬁvdvex(x0).and

o(x,) = 0(x 4q) 2 olx,) = olx+hd)) > oh [|z_ (x))]]

eputv

Consider v > N. If ﬁv > gh*, then
o(x ) - ¢(x_,q) oBh*n
Nz (x| < — wl

€ y
L oh oh
v v

<n

Suppose that EV/S < h*, Since ﬁv < v, there are two possibilities:
Case 1.
o(x +[h /81d ) - o(x ) '
S > - o]z (x )]
h,/8

Since, from (4.11),
of
(;;(xv.y).dv) <= Hzg (x )1 for all y&R (x,)

using lemma 4.3, we obtain

[z (x )] < n

Case 2.

v(x +[h /81d ) > 0 > v(x )

59
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or
v(x +[h /8ld ) - w(x )
h /8

>

Using (4.11) and lemna 4.4, we have

'||z€u(xv)1| <n - ~ Q.E.D,.

One immediate corollary of the above theorem is that the
(esusp)-algorithm terminates after a finite number of iterations if eyurp
are positive. Note that the above theorem holds if the new point is de-

fined by ﬁv, i.e., Xo41 = %, + ﬁvdv, as remarked in the previous section. -

+1
To prove that the M-algorithm yields stationary points of ¢ on X,

we have to show that for small enough Lo BaP s if xk is close to an

(ek,uk)—quasistationary point, then xk is also close to a stationary point.

We shall need the following lemmata:

Lemma 4.5
For any x=X and any n > 0, there exist positive § = &(n,x), € =
e(,x), and u = u(n,x) such that the following hold for any ||x'-x|| < s,
x'EX:
(i) For any e[0,e], every element of Re(x') is within an n-neighborhood of
an ejement of R(x). |
(i1) For any we[0,n], every element of Qu(x') is within an n-neighborhood
of an element of Q(x).
Proof
Suppose there exist a positive number n', a positive sequence {si

| i > 0} converging to zero, and a sequence of points {xieX | i >0} con-
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verging to x such that for any i > 0, there exists yiERE (xi) which is not
i

in an n'-neighborhood of any weR(x), i.e.,

[1y; = v[| >n' for all veR'('x) _ | (4.13)

Since y;€Y for all i > 0, there is a subsequence {y; | eI}, 1T c{0,1,...1,
converging to ye¥. For each i€l,

Bx) = Flxgoyp) < e

By continuity, as i » », i€l,
o(x) - f(x,y) <0
which implies that yR(x). It follows that for sufficiently large i, there
exists yER(x) such that ||yi¥§1| < n' contradicting (4.13).
To prove (ii), we have to distinguish between two cases: when
Q(x) = P and when Q(x) ¥ @. The first case is trivial while the latter can

be proved using a similar argument as above. : Q.E.D.

Lemma 4.6

Let G be a compact set in g" énd z, be the point of conv G
nearest the origin. Suppose that ]Izoll $ 0. If G' is a compact set such
that every element of G' is within an |Izoll/(2/ﬁ)-neighb0rhood of an
eiement of G, then for any z'e€conv G', | '

211> Llzgllsz

Proof
From the hypotheses, it can be proved that every element of
conv G' is within an ||zol|/2-neighborhodd of an element of conv G, i.e.,

for any z'econv G', there exists zeconv G such that

[12' - zl] < |lzpll/2 -
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It follows immediately that
[z > Tizgll - zgl172 = [z4l1/2 |  Q.E.D.

Lemma 4.7
For any xeX, there exist positive §= 8(x), € = e(x), and u =
u(x) such that for all ||x'-x|| < &, x'eX, e[0,¢], ve[0,u],
, ' |
[z ()11 2 [zgg(x)]172

Proof

The proof for the case when ||zoo(x)1l'= 0 is trivial.

Suppose that ||zoo(x)|| f 0, i.e., x is not a stationary point.
From the uniform continuity of the functions 58f/3x and 3g/3x in yeY and
u€l, respectively, we can find n = n(x) >0 such that the following hold

for any ||x'-x|| <n, x'eX:

of of Hz. (x)]]

|—(x2y) = —(x" )] < —00—— " for a1l y,y'eY,|ly-y'|| <n
X ax v 2Vn -
39 39 24 (X)

[ |—(x,u) = —(x"',u")]| <-ll-99———LL for all u,u’el, |[u-u’|| <q
X 39X 2/M

Applying lemma 4.5, we obtain positive numbers &' = &'(x), € = e(x), and ¥

= u(x) such that the hypotheses of lemma 4.6 are satisfied with

of 3g
G = {—(x,y) | yeR(x)} U {—{(x,u) | ueq(x)}
X X
of . 3g
G' = (—{(x',y') | y'eR_(x")} U {—x",u") | u'eQ (x')}
X X H

for any x'eX, |[x'-x|| < &6 = min{n,s'}, ec[0,¢], and w€[0,u]. It follows
from lemma 4.6 that

||Zsu(xl)” ke Hzoo(x)ll/z Q.E.D.
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Theorem 4.3

Every limit point of the sequence {xk | k > 1} generated by the
M-algorithm is a stationary point of ¢ on X, |
Proof

Let x* be a limit point of xX | k> 1}. Then théré is a subse-
quence x | kell}, I c {0,1,...}, converging to x*. Using lemma 4.7, there
exists a positive integer K such that for all k > K, keI;

1299 (x*)[1/2 < | lzekuk(x'f)l | <oy

Since Pr 0as k » w0, S0 must

[lzgg(x) [ +0 Q.E.D,

Theorem 4.3 does not guarantee the convergence of the sequence
{xk | k > 1}, If we further assume that the function ¢ has at most a finite
number of stationary points, it could be shown that the generated sequence

will converge to a stationary point of ¢ on X,

4.5 MODIFICATIONS

Since X is described by a nonlinear inequality, the function
g(x,u) can be defined arbitrarily in the sense that the same region is ob-
tained if we replace g(x,u) by g(x,u) times a positive function. Subse-
quently the choice of feasible descent directions is also arbitrary depen-
ding on how g(x,u) is defined. -Such an arbitrariness can also be seen from
theorem 4.1. The vectors in H'(x*) can be adjuéted by any positive number

and the necessary condition for x* to be a global minimum still holds with

- H'(x*) replaced by
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0
H' (x*;t) = {t(x‘*.u)—g(X*.u) | ueqQ(x*)}
oX

where t(x*,u) > 0 for all ueQ(x*). The convergence property of the M-
algorithm will not be altered if we require that the numbers t(x,u) be po-
sitive and be bounded ‘above by a constant. One particular choice for
t(x,u) is motivated by the fo]lowing‘consideration in the two dimensional
space: |

Suppose fhat in choosing'a'feasible déscent direction we approxi-
mate the constraint set by a disc and use a 1ineér approximation for the

objective function. The resulting problem is to minimize

f(x) = c'x c,xGR2

over the constraint set defined by

X = {XER2 | g(x) = (x - a)T(x -a) - rl < 0}, ack®

Note that with appropriate scaling of the decision variables, a convex con-
straint set can be appfoXimated_by a disc., It wi]]_be-seen that the radius
of the disc is immaterial in the determination of feasible descent direc-
tion.

Suppose that we start with an initial point xO lying on the boun-
dary of X (see figure 4.1). By the linearity of the objective function,
the optimal solution x* must lie on the,boundéfy. Thus the vector x*-x0
gives a feasible descent direction which leads to the optimal point in one

step. Geometricé]]y,'x*-xo is the vector which bisects the angle formed by

the vectors af(xo)/ax and ag(xo)/ax. USing the Kuhn-Tucker theorem (Luen-

~ berger, 1969, p.249), we can show that x*-x0 is given by
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Figure 4.1. A Two Dimensional Case

. O -
rooof o [laf(x7)/ax|] e g

X) + 5
|lel] ax |lag(x")/ax|| ax

x* - x0 =

Note that the direction of x*-xO is independent of r, the radius of the
disc. Thus it seems like it may be advantageous to ngle ag(x)/ax so that
if has the same norm as the veétor af(x)/ax.'~Based on this observation, we
could pick t(x,u) so that the vectors t(x,u)sg(x,u)/ax, wEQu(X), have norm
equal to the smallest norm of the vectors af (X,¥)/ 3%, yERE(x).

The above éxamp]e also ihdfcateé that an appropriate scaling of
the variable x is desirable. One common way is to scale x by a linear |

transformation matrix T, i.e.,
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Using linear algebra, we can show that the above scaling is equivalent to
the algorithm in which the next point is defined by

- T,
xv+] = xv + thT dv

instead of xv

=x +hd. We shall not go into details.
+] v vV T

4.6 CONCLUDING REMARKS

We have described an algorithm for finding only stationary points
of ¢ on X, A stationary point need not be a local minimum, it can also be
a Tocal maximum or a local saddle point. The first possibility can only
occur at the starting point x0 if there exists a yeR(xO) such that
af(xo,y)/ax = 0, The second possibility can be tested by exploring dif-
ferent directions to see if ¢ can be further minimized. Some sufficient
conditions for a point x* to be a Toca] minimum are suggested by Dem'yanov
and Malozemov (1974, pp.125-126). Note that if the convexity or the Slater
assumption (cf. theorem 4.1) fails to hold, the M-algorithm can still be
used to Tocate local minima of ¢ on X provided that the above tests are
performed on the generated 1imit points.

If the function ¢ is not convex, there may be more than one local
minimum, and in the best case, we shall only find one of them. A partial
remedy is to apply the M-algorithm several times using different starting
points.

It should also be remarked that the formalism is general enough
to include cases when X is defined by more than one inequality constraint.
However, because of the Slater condition, problems involving equality con-
straints can only be handled if the equality constraints can be solved to

reduce the original problem to a new problem of smaller dimension having



only inequality constraints.
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CHAPTER V  ACCURACY VS A(a)-STABILITY

5.1 DESCRIPTION OF THE PROBLEM

In this chapter, we are concerned with'discoverfng the upper
bound on the angle of gbso]ute stability (definition in section 1.2) for
methods in L[k] having a given erfor”constant. For each 4 > 0, define
A*(A) to be the supremum of all o for which'fhere exists an A(a)-stable
method having error constant -Ak, and be zero if no A(O)-StabTe method with
that error constant exists. Note that the problem independent'part_of the
leading term of the asymptotic error expansion (2.1) of such methods has
magnitude (hA)k. Possible values for A*(A) are shown in figure 5.1. Our
A*ﬁA)

OVIE

0 > A

Figure 5.1. Possible values for A*(a)

objective is to find A*(A) for A > 0. We expect that in all probability
A*(a) is strictly increasing on some semi-infinite interval in (0,«).

From sections 3.3 and 3.5, the A*(A) values for A > 0 when k =
1,2,3 are as shown in figures 5.2, 5.3, and 5.4, respectively.

An analytical solution for the general case when k > 4 is diffi-

’cult. We thus find the A*(A) values numerically., A mathematical formula-
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T
— A
Figure 5.2. A*(a) for k =1
(a)
+ » A
1/2/3
Figure 5.3. ’A*(A)-for k =2
(a) |
1;
* A

Figure 5.4. A*(aA) for k = 3
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tion is discussed in the next section,

We remark that the results from section 3.5 prdvide a "lower
bound" for A*(A) over some semi-infinite interval in (0,»). Moreover,
A*(A) approaches the line a = 1/2 as A » » at least as fast as
O(A'Zk/(k‘z)). It also follows from section 3.4 that A*(a) =.0 for 0 < A <
17[2(36) /1. o

5.2 MINIMAX FORMULATION OF THE PROBLEM _

A mathematical formulation of the problem described in the pre-
vious section is suggested by condition (3.2).  To use that, we consider
only methods which are Aw-stable. For reasons that will be apparent later,
we further restrict our attention to methods that satisfy the strict root
condition, Since convergent methods satisfy the root condition (cf. sec-
tion 1.3), and from théorem 3.5, A(0)-stable methods are almost A _-stable
save for possible simple roots on the imaginary axis, the above restric-
tions lead to only a "slightly smaller" feasible region. We note that
there exist methods which are not stable but whose locus r(iw)/s(iw),
we(~,»), is outside the wedge S, for some o > 0, e.g., the 5-step method
represented by

(bo ,b'l ,bz ,b3,b4) = (0,]5..14,3,.007)

From (3.2), an A -stable method satisfying the strict root condi-
tion is A(ax)-stable if and only if '
Re r(iw)/s (iw)

- < cota for all w> 0 (5.1)
| Im v(iw)/s(iw)]

We need only consider the semi-infinite interval we[0,~) because the com-

plex conjugate of r(iw)/s(iw) is r(-iw)/s(-iw) so that the rational func-
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tion is discussed in the next section.

We remark that the results from section 3.5 provide a "lower
bound" for A*(A) over some semi-infinite interval-in (0,~). Moreover,
A*(A) approaches the line o = 7/2 as A » = at least as fast as
O(A’Zk/(k'z)). It also follows from section 3.4 that A*(a) =-0 for 0 < A <
17[2(3k) /%7 o

5.2 MINIMAX FORMULATION OF THE PROBLEM

A mathematica]_formuiation of the problem described in the pre-
vious section is suggested by condition (3.2). To use that, we consider
only methods which are Aw-stable. For reasons that will be apparent later,
we further restrict our attention to methods that satisfy the strict root
condition. Since convergent methods satisfy the root condition (cf. sec-
tion 1.3), and from théorem 3.5, A(0)-stable methods are almost A -stable
save for possible simple roots on the 1maginary axis, the above restric-
tions lead to only a "slightly smaller" feasible region. We note that
there exist methods which are not stable but whose locus r(iw)/s(iw),
we(=~,2), is outside the wedge Su for some o > 0, e.g., the 5-step method
represented by

(bo,b] ,bz,bB,b4) = (0,]5,.]4,3,.007)

From (3.2), an A -stable method satisfying the strict root condi-
tion is Afa)-stable if and only if '
Re f(iw)/s(iw)

- < cota for all w> O (5.1)
| Im r(iw)/s (iw)|

We need only consider the semi-infinite interval we[0,») because the com-

plex conjugate of r(iw)/s(iw) is r(-iw)/s(-iw) so that the rational func-
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tion on the left is symmetric about w = 0. To indicate explicitly the fact

that both r(z) and s(z) are actually functions of b = (bO'b]""’ 1) and
z, we write them as r(b,z) and s(b,z), respectively. Since [s(b,iw)| > 0
for any w > 0, (5.1) is then equivalent to '

Re r(b,iw)s(b,-iW)

sup -~ — i < cot _ (5.2)
w20 |Im r(b,iw)s(b,~iw) | | ,

The restriction that the method satisfies the strict root cond1t1on ensures
that the numerator and denominator of the rational funct1on on the left are
not zero simu]taneous]y; so does the A“;stab1ljty assumption.

Suppose that a value of A (> 0) is giVen. We then solve for the
infimum of the quantity on the left of the inequa]ity (5.2) over the family
of methods in L[k] which are A -stab]e, sat1sfy the strict root condition,
and have error constant of magn1tude Ak. Hopefully, the arccotangent of
the infimum is the value of A*(a).

 We procéed to put the problem into the form described in section

4,2. As remarked in_seétion 4,6, the equality constrafnt

1ok
K . . :
2" j=0 j#
j even

can be used to reduce the dimension of the problem by one. One way is to

use byybosesasby g @S the decision variables and set

b. = ak ) 2 *
0~ UK L, iiq
2" j=2 j+l

Jj even

We denote the decision variables by x = (x].xz,....xk_]) where xj’= bj, j
= 1,2,...,k-1, and write r(x,2), s(x,z) for r(b,z), s(b,z), respectively,

implying that the equality constraint has been eliminated.
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The feasible region should be the set of xeRk'] at which the po-
lynomials (in z) r(x,z) and s(x,z) have roots only in the open left half
plane. We could use the Hurwitz criterion (cf. Appendix A) to obtain a
system of nonlinear inequalities which describes the feasib]eAregion. A

simpler way is described as.followsf Consider the region

X = 0’1 | glx,m,5) <0 for all wel0,«), j=1,2} (5.3)
where ' ‘
CglxW,1) = - [r(x,iw) |2
g(x,w,2) = = |s(x,iw) |2

It is obvious that both g(x,w,j) and 3g(x,w,j)/ax are continuous in
Rk']x[O,w)x{l,Z}. The set X contains all x such that r(x,z) and s(x,z)
have no roots on the imaginary axis (in the complex z-space). Thus X con-
sists of a number of disconnected open sets each of which is either entire-
ly feasible or not feasible. If the initial trial xO lies in a feasible
component, so will all subsequent trials if the step selection rule does
not take too large a step landing into an infeasible component. To prevent
that, we only accept those points x such that r(x,z) and s{x,z) have roots
all in the open left half z-plane and reject all other points. In other
words, the feasible region is implicitly described by X and the above test,
but only the function g(x,w,j) is needed in the determination of feasible
descent directions.

The objective function for the minimax formulation is

Re r(x,iw)s(x,~iw)

f(x,w) = -
[Im r(x,iw)s(x,=iw) |

.whose value at (x,w) is equal to - cot| Arg r(x,iw)/s(x,iw)|. Although the
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negative part of f(x,w) is unbounded, it is never needed in determining the

maximum of f(x,w) over we[0,=). From the fact that as w »> =,

f(x,w) >~ 0

g(xsWyj) » == §=1,2 _
it is not difficult to show'that the results of Chapter IV éti]1 apply so
lTong as the positive part of f(x,w) is bounded, which is true for those x
representing methods which are A(0)-stable. Hence, if we can find an xOEX
which represents an A(0)-stable A_-stable method sat1sfy1ng the strict root
condition, then we can ‘use the M-algorithm to f1nd the infimum of the func-
tion

o(x) = max f(x;w)
WE[O ’ °°)

over the set

x(x%) = DeX | o(x) < o(x)}

together with the test on r(x,z) and s(x,z) mentioned earlier., The M-
algorithm will then either conclude that no stationary'point exists or give
a point x* such that the value of o(x*) is close to the value of a Tocal
infimum of ¢ on X(xo) Note that since x(x°) is not closed, the infimum
may not be attained by any po1nt in X(x )

The initial trial x can be found by first f1nd1ng an A(0)-stable
method and then by varying some of the parameters bO’bl”"’bk-l such that

k

the magnitude of the error constant is A" without violating the feasibility

of the new point in the Xx-space,

. 5,3 NUMERICAL RESULTS

The M-algorithm described in section 4.3 is implemented to run on

the Cyber 175 using double precision arithmetic. The numerical results
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.w111 be given after a brief discussion on the Fortran program.

The evaluation of ¢(x) 'is in two steps. First, we test if the
method represented by x is A(0)-stable. From (3.2), the method, being
A_-stable (see constraints given in the previous section), is A(0)-stable
if and only if the following condition 1s‘not satisfied by ény positive
real w of Im r(x,iw)s(x,-iw) = Qs |

Re r{x,iw)s(x,-iw) <0 |
The test involves finding the positive roots of an even polynomial of de-
gree 2(k-1) since '
k;] (-1)jC(2j)w2j + iw k;
j=0 j=0

1

r(x,iw)s(x,-iw) (-1)j+]c(2j+1)w2j

= u(x,w) + iv(x,w)
where
. j AY .
c(j) = vEO (-1) avbj_v for J=0,1,...,2k=1

Note that from (1.9), it can be proved that c(j) = 0 for j >k, j even., If
the method represented by x is A(0)-stable, then ¢(x) is found by locating
all the Tocal maxima of f(x,w) on 0 <w < =, Again, we have to solve for
the positive roots of an even polynomial of degree at most 3(k-1) since it

can be shown that for w > 0 such that Im r(x,iw)s(x,-iw) % 0,

of v(x,w)[du(x,w)/ow] - u(x,w)[av(x,w)/BWJ
‘—(X,W) = -
oW Iv(x,w) |v(x,w)

where the numerator simplifies to

L3(k-1)/2] . 2
z (-1)Y (2v-43+1)C(25)C(2v-23+1 )w""

v=0 J

0™ <
o

The set of local maxima contains R(x) as a subset.




75

Similarly, the set Q(x) is contained in the set of local maxima
over we[0,») of the functions g(x,w,j), J = 1,2, given by (cf. (5.3))
k-1

alxws) = = 1 (-1)3A(25
Jj=0 '

| -k i 2j

g(x,wW,2) = = T (-1)"B(2j)w
j=0 o

where for j = 0,1,...,2k,
L9 Y
-~ AQ) = vzo (-1)7a,2;.,

o 3 v
BI) = % (-1)"byby_,
\):

As remarked in section 4.3, the sets Rs(x) and Qu(x) are discre-
tized so that Ilzsu(x)ll can be approximated by the solution of a convex
quadratic programming problem. The discretization contains, in addition to
points in R(x) and Q(x), points of fhe form w8 in Re(x) for each weR(x)
and (wt8,3) in Qu(x) for each (w,j)eQ(x). Such points—are obtained using
the following procedure: Let weR(x). Start with an initial value for §
given by V. If f(x,w) - f(x,w-8) < ¢ then wé are the points chosen.
Otherwise, set § = 66/[f(x,w) - f(x,w-8)] and repeat the above test. The
pfocedure for obtaining (wts,j) in Qu(x) is similar: Let (w,j)eQ(x). If
g(x,w,j) = - u, set § = 0. Suppose that g(x,w,j) > - u. Staft with 8 =
M. If g(x,w=8,3) > - u then (ws,j) are accepted; else set S = s[g(x,w,d)
+ u]/[g(x,W,d) - g(x,w-5,3)]1 and repeat. Empirical results show that the
convergence rate is faster if we include the additional test to check if
(0,3) is in Qu(x).

For given x and w, the vector 3f(x,w)/9x can be found using two




linear recurrence relations, the derivation of which is straightforward:

" : Tle + TZIv v =1L3,...
— (x,w) = - . . . 1
o [Im r(x,iw)s(x,=iw) | TiRooq - T3(w1vu1+;;;9 v =2,4,,..
where
X, 1 <v <k-1, 15 fhe v-th component of x, '

= 2[Re s(x,iw) + F(Im s(x,iw))]

I
T, = Im r(x,iw) + F(Re r(x,iw))

Ty = Re r(x,iw) - F(Im r(x,iw)) |
T

= 2w[Im s(x,iw) - F(Re s(x,iw))]

4
u(x,w)
F =
v(x,w)
and R, I are defined by the recurrence relations
L
R-I=] R\)=:-WR.\)_2 \)=3’5’|on
I=w I =-wl v = 3,5
-I v \)_2 [ XN

Similarly, the vector ag(x,w,j)/ax for given (x,w,j) can be ob-

tained using the above recurrence relations:

(- 4 Re r(x,iw) R, i=1 v=1,3,...
g - 4w Imr(x,iw) R__ " =1 v=2,4,...
— (xsW,3) = ¢ v-l
X - 2 Im s(x,iw) I i=2 v=1,3,...
v _ AY ]
2 Re s(x,iw) [wIV_1 + —] j=2 v=2,4,...

3
The program starts with €1 % Uy = oy = .007 and decreases the

parameters by a factor of 1/2 in each iteration, i.e.,

IS T A TR B T N L
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In case the points generated by the (e,u,p)-algorithm with e = s M = o

p = p, converge to a nonstationary point, the program makes one more at-
tempt by setting €t] = Pkl T Pkl T .1 before an abnormal end is signal-
led.

Before we can use the M-algorithm to find A*(a), an initial

feasible point bq

= bo[A] has to be known. ‘It can be supplied by the user
as an input to the program; . The program also has the capabi1ity of finding
bO[A] if it is givén a point bO[AF] representing a method with error con-
stant of magnitude (A')k'instead with o' # A, 'The program first applies
the M-algorithm for the value A' to obtain a point b* = b*[A']. Then it

tests if the vector b' whose v-th component is given by

o bt v =1,3,.0.
A'Vk ‘
(Z'_) b* v =10,2,...

is feasible for the value A and represents an A(0)-stable method. Note
that from the definitfoh of b', the corresponding methbd has error constant
of magnitude (A)k. The above definition for b' works satisfactorily for odd
k and for even k when A > A' in the sense that in most cases, b' is a
feasible point and does represent an A(0)-stable method. For the case when
k-is even and A' > A, we make use of an empirical obsehvation that bB
always tends to zero and hence the po1ynomia1's(b*,z) must ha?e at least
one real (negative) root. Instead of.fixing A and trying to find b' so
that the correspondihg method has error constant of magnitude (A)k, we de-
crease the largest negative real root of s(b*,z), say y, by a factor of .1

and define the new po]ynomié] s(b',z) by
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z - .ly
s(b'y2) = ————s(b*,2)
z-y -

It is straightforward to show that for v = 1,2,...,k-1,

kK
-1
by o= by e oy Ty by
- JRv+]

with bb = b} = 0 and that the value A'corresponding to b' is smaller than
A', The above definitions forvb' are only heuristics foh finding an initi-
al feasible A(0)-stable method for the M-é]gorithm. In all cases, if the
vector b' is not feasible or does not represent an A(0)-stable method, the
program will try to proceed in smaller steps;

The positive real roots of a given polynomial are found by first
generating the Sturm sequence for the polynomial and its derivative in the
interval [0,~) and then using the ZEROIN routine (Shampine and Allen, 1973,
pp.244-246) Which Tocates a root of a continuous function inside a given
interval by a combination of bisection and secant rules. The convex qua-
dratic programming problem is solved using the first symmetric variant of
the simplex method (Van De Panne, 1975, pp.270-280).

Numerical results for A*(A) for a finite number of points on 0 <
A < = for the cases when k = 4,5,6,7 are plotted in figures 5.5, 5.6, 5.7,
5.8, respectively. The isolated symbols + represent the (A,a) values with
A= lckﬂll/k and o being the angle of absolute stability for the following
methods: BDF (Backward Differentiation Formula), CHEB2, CHEB3, CHEB4 (Gup-
ta, 1976), and IE, Lk'(Gupta and Wallace, i975). The BDF of order 6 and
the other methods in Gupta (1976) lie outside the region described in the
plots and hence are not included. The table following each figure contains

the values of the parameters bO’bl""’bk-l for the method corresponding to
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Figure 5.5. A*(a) for k = 4




by b,
0022 4165
0041 4526
0066 4913

.0094 .5284

L0136 5787
0198 L6411

. 0282 7159 -

.0383 7963
0862 8544
.0597 9458
.0950 1,154
1164 1.2675
1428 1.3980

.2021  1.6630

.2864 11,9979
.4367  2.5206
.6673  3.2156

1.2635 4.7096

3.5655 9.0
13.2348 21.0

Table 5.1 k=4

b3
6103
6241
6389

.6530

.6716
. .6953
7226
7513
7714
.8025
.8700
.9048

.9434 .

1.0177

1.1049

1.2290

1.3773

1.6522
2.2637
3.4392
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Figure 5.6. A*(a) for k = 5




by
0

.0

.0
.0
.0

L ] O N

.0
.0
.0
.0

0
0
0
0
.0
0
0
0
0
0

b
1.366
1.366

'1.366

1.366
1.366
1.366
1.675
3.081

6.553 .

10.660

15.241

20,226
31.206
37.131
49,725
70.236
82.374
113.365
146.699
182,088

b
816
817
819
834
863
981
1.998
3.359
6.171
9.036
11,929

14,837

20,687
23.622
29,508
38.363

43,292

55.141
67.011
78.895

b3_
3.238
3.238
3.238

©3.238

3.238
3,238
3.568
4,709
6.733
8.518
10.141
11.648
14.417
15,707
18.144
21,527
23.296
27.296
31.025
34.544

Table 5.2 k=5

.373
.373

374

1,381

.394

.448

.837

1.068
1.381
1.606
1.786
1.938
2.189
2,296
2,487
2.729
2,847
3.099
3.316
3.508
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Figure 5.7. A*(A) for k = 6




o
o

* L] - L ] L] L] L] - . * L] L ] . . L] * - L]
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by

233
.298

.385
.500

.653
749
.860
1.139
1.314
1.756
2.034
2.741
3.188
4,713
6.082
7.871
12.836
17.215
26,848
37.431

by
3.470
3,928

4.491.

5.188
6,054
6.565

7.137

8.496

9.302

11.227
12,375
15,130
16.779
22,032
26.405
31.780
45.421
56.451
78.745

101,254

b3
3,579
3.882
4,244

4,678

5,200
5.500

5.829 -

6.586
7.021
8.026
8.605
9.943
10.716
13.061
14.907
17.076
22,209

26.077

33.367
40,213

Table 5.3 k=6

by

4,218
4,459
4,738

5,061
5,436

-5.645
5.869
6.371
6.650
7.273
7.620
8.392

8.821.

10.065
10,992
12.033

14,334 -

15,951
18.794
21.280

~ bg

1.295
1.367

1,410
' 1.459
1.486

1.514
1.576
1.609

- 1.682

1.721
1.806
1.852
1.978
2.068
2.164
2.363
2,494
2.709
2.884
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80° r

700 -

60° t

50% 55 0.8 0.9 )

Figure 5.8. A*(a) for k = 7




9,750
14,853
46.134

133.735

151.480

178.912

202,449

226.560
251,198
276.330
301.921
327.951
354,396
381,237
436.028

26.031
35.990
87.855

206,759

228.727

261.810

289,483

317.238

345,065

372.957

400,908

428,912

456. 964

485,061

541,376

29.627
37.941
75.803
148,501
160.819
178.928
193.719
208. 269
222,599

236.729

250.674
264.450
278,068
291,539
318.076

15,260

18,553
31.785
53,244
56.584
61.381
65.211
68.907
72.485
75.959
79.337
82.628
85.840
88.980
95,061

Table 5.4 k=7

10,578

11.942

16,798

23.442
24.388
25.716
26.751
27.732
28,665
29,556
30.410
31.230
32,020
32.783
34.236

1.898

2,048
2.506

3.020
3.086
3.176
3.245
3.308
3.368
3.424
3.477
3.526
3.574
3.619

3.703

86
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the symbol = in ascending order of A. The numerical values for (4,A*(a))

1/k

and the corresponding (rG) and T are listed in Appendix B.

5.4 CONCLUSION

From the empirical resu]ts, it is observed that the'paramete’r‘b0
corresponding to the method found. byethe M-a]gorithm is always zero (or
very close to zero) which 1mp11es that o(c) has a root at z = -1. Moreo-
ver, except for the root z = 1 of p(_) and the root ¢ = -1 of o( ), .the
other roots of p(z) and o(z) are close tdQether and they seem to be ap-
proaching the point ¢ = 1 as A > =, It is interesting to note that for all

the methods found, the ratio (l"G)]/k

to lckﬂlwk is not very large (< 2),
and that T < 1.3. But each of the methods has a pair of roots of p(z) of
magnitude close to 1. Thus, the global error accumulated when any of the
methods is used is not that much affected by the pos1t1ons of the roots of
p(z) provided a fixed stepsize is used throughout.

 We could compare the BDF,with'the methods found.by the M-
algorithm as follows: Since the k-th order.k-step BDF has error constant of

magnitude 1/(k+1), we consider the ratio

m

2 = “BDF[K]
T a1/ (k1)) K

where %BDF[k] is the angle of absolute stability associated with the BDF.

For 4 < k < 6 (the 7-th order 7-step BDF is not A(0)-stable), the above ra-

tio is greater than 3. In other words, the method found by the M-algorithm

having error constant of magnitude 1/(k+1) is at least 3 times "closer to

being A-stable" than the BDF. On the other hand, for 4 < k < 6, the ratio
(17 (k1)) /K

1.3
B
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where By is the value of A such that A*(Ak) = oppE[k]’ Thus for the method
corresponding to (Ak,A*(Ak)) which has the same angle of absolute stability
as the BDF, the error constant has magnitude less. than (10/13)k times that
of the BDF. This implies that if, in an ODE solver, the stepsize is chosen
to be proportional to the k-th root of the reciphoca] of the hagnitude of
the error constant, then the methbd'Correqunding to (Ak.A*(Ak)) is 1.3
times more efficient than the BDF. However, ﬁumerica] tests (based on
DIFSUB (Gear, 1971) with appropriate modifications) show thét_for problems
which can be successfully handled by the BDF, the method corresponding to
(Ak.A*(Ak)) is only about .7 times as éfficient as the BDF. The reason may
be that our theory did not take into account tHe local instabilities that
could arise from step ;hanging and order changing. This is especially
Tikely since the o(z) and o(z) polynomials associated with.the methods have
roots which are much nearer the unit circle than those of the BDF.

A final point is that we can see from the b]ots that some of the
methods obtained by GUpta and Wallace (1975) and Gupta'(1976) are close to

the (A,A*(a)) values.
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~ APPENDIX A

POLYNOMIALS HAVING ROOTS IN THE OPEN LEFT HALF COMPLEX PLANE
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The following is a 1list of equivalent conditions each of which is

necessary and sufficient for a polynomial

n-1

n -
p(z) = ¢z +cqqz  +...+Cz+cg ¢y >0

to be Hurwitzian, i.e., to have roots all in the open left half complex
plane:

(1) (Hurwitz criterion) The leading principal minors of the nxn
matrix H whose (i,j)-th element is given by .

H.ij = cn-'i-2j .i’j = ]_.2,--.,71

are positive (Krall, 1967, p.48); A stronger statement (Lienard and Chi-
part criterion) is in Gantmacher (1959, p.221).

(2) (Routh criterion) The elements in the first column of the
tableau R are positive, where the elements fn R are generated by the fol-
lowing scheme (Krall, 1967, p.52): -Start_with the first two rows whose
elements are

Cn  Cne2 Cnd Cno6 o+

Cn-1 €n-3 €pn-5 Cn-7 =~

Every row after the first and second in the tableau is.determined by the
two preceding rows according to the fo]]owing rule: If the elements of the.
two preceding rows are

99 97 92 93

hg hy hy 'h3 ces

then the elements qgeQysee- of the current row are given by

_ 9% .
qj - gj+] - Eahj+] i = 0,1,...
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The tableau consists of the first n+l rows generated by the scheme.

(3) (L. Cremer-Leonhard separation criterion) The zeros {w} and
{wy} of the polynomials Re p(iv=w) and Im p(iv=w)//=w, respectively, sa-
tisfy '

0 > wi > Wy > wé >Wp > uus

(Lehnigk, 1966, p.154).

(4) The polynomial

2 n-1 . n-2 © n-3
Ch-12 + (Cn-lcn-Z'Cncn-3)z + Ch-1%n- +
n-4 .
+ (cn_]cn_4-cncn_5)z + ... 4
n-2m+1 n-2m
* Cn-1%n-2m+12 * (e 1Cn-2mC Cn-2m-1)2 ...

is Hurwitzian (Krall, 1967, p.47).
We next give some necessary conditions for p(z) to be Hurwitzian,
Suppose that p(z) is Hurwitzian. Then it is obvious that

CJ' >0‘ j=0'1,o..’n

Using (4), it follows that

Cn-1%n-j = ©nn-j-1 > 0 J=2,4,...

Moreover, from (3), using the Dougall's inequality for symmetric functions
(Mitrinovic, 1970, p.97), it can be shown that the following inequalities

are satisfied:

2 ¢, 4 ¢y n-2c., n Ch
—_——— D ——— >-ooi i—-—
ncy Tn-Zc, 4 Chg 2 Cpo
2 Cq 4 Cg n-4 Cho3 N-2 Cn-1
2c Tndc, =2y =72
=c €y 7 =4 ¢3 “n-5 -3
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when n is even, and

N
(9]

2 4 Cy n-3 € -3 n-1 c‘n_]v
____—i———-?—ooo _>_ b
n-1c¢, n-3 ¢, 4 c 5 2 ci3
2 ¢y 4 cg n-3c ., nl c,
.-.—-—-3—————2‘000 _>_ >
n-1 <) n-3 ¢4 4 c 4 2 ¢ 0

when n is odd.




~ APPENDIX B

LIST OF &, A*(»), (rG)'/%, # VALUES FOR METHODS

FOUND USING THE M-ALGORITHM
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A A*(A) (1"(3.)”k T

.3815 12.17 .5069 1.1388
3848 16.45 .5086 1.1381
.3883 ~ 20.55 . 5103 1.1374
3916 24.06 5118 1.1366
.3959 28.24 .5137 1.1353
4010 32.87 .5158 1.1336
.4069 37.53 .5182 1.1314
4130 41.78 .5205 1.1288
4172 44,43 .5221 1.1268
.4236 48.08 .5243 1.1236
4372 54.59 .5287 1.1162
.4441 57.34 .5307 1.1123
.4517 60.03 .5328 1.1078
4660 64.32  .5364 1.0993
.4823 68.27 .5450 1.0896
.5050 72.47 .5692 1.0769
.5310 76.06 .5919 1.0636
.5767 80.32 6403 1.0445
.6687 84.85 .7323 1.0204
.8190 87.77 .8888 1.0098

Table B.1 k =4




A
.4045
.4046
.4048
- .4063
.4091

4197

.4821
.5296
.5923
.6361
.6704
.6988

.7448

.7641
7977
.8394
.8594
.9010
.9361
. 9666

1.22

3.21
10.47
43.49
57.68
68.83
73.72
76.54
78.40
80.75
81.54
82.73
83.91
84.38
85.23
85.81
86.25

(PG)]/k
.6233
.6233
.6232
.6228
.6218
6184
.6238
6602
7300
7776
.8206
.8517
9145
.9385
9847

1.0417

1.0708

1.1315

1.1848

1.2300

Table B.2 k =5

A

T
1.2074
1.2073
1,2072
1.2066
1,2052
1.2001

1.1649

1.1321
1.0937
1.0716
1.0606
1.0563
1.0484
1.0451
1.0393
1.0326
1.0296
1.0256
1.0231
1.0210
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.5677
.5763
.5858
.5965
.6085

6149

.6217
.6363
.6442
.6610
.6700
.6893

.6995

.7230
.7473
.7681
.8106
.8379
.8821
.9174

a(a)  (re) /K
40,52 J072
43.54 7139
46.59 7234
19.67 7280
52,72 7412
54,23 7467
55,72 7548
58. 64 7662
60.06 7694
62.80 7915
64.12  .7986
66.65 8169
67.85 8291
70.29 8492
72.42 .8740
74.00 8985
76.66 9420
78.06 .9716
79.91 1.0166
81.12 1.0570

Table B.3 k =6

y
1.1858
1.1807
1.1750
1.1687

1.1617 -

1.1579

1.1540

1.1457
1.1414
1.1324
1.1278
1.1182
1.1134
1.1031

- 1.0930

1.0852
1.0711
1.0632
1.0522
1.0448
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A
7131
.7430
.8343
:9351

L9479

.9653

. 9786

.9908
1.0022
1.0129
1.0229
1.0324
1.0414
1.0499
1.0658

A*(2)
54,28

58,98 .

68.85
75.26
75.87
76.64

77.19

77.67
78.09
78.47
78.81
79.12
79.41
79.66
80.12

(PG)]/k'.

.9039
.9322

| 1.0306

1,1381
1.1545

1.1722

1.1875
1.2021
1.2134
1.2270
1.2374
1.2483
1.2595
1.2674
1.2865

Table B.4 k =7

T
1.1676
1.1524
1.1122

1.0785

1.0749

1.0703

1.0669
1.0640
1.0613
1.0589
1.0568
1.0557
1.0548
1.0540
1.0524
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